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Abstract   

 

 In this paper, we present some 

algebraic operations for Pentapartitioned 

Neutrosophic Vague Set as an extension of 

single valued Neutrosophic vague sets. 

Specifically, we introduce addition, 

multiplication, scalar multiplication and 

power for the Pentapartitioned Neutrosophic 

Vague Sets also the compact spaces with 

suitable examples and a theorem with 

proofs. 
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I. INTRODUCTION 

 

In order to solve uncertainty in decision making problems, some theories like 

𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 𝑡ℎ𝑒𝑜𝑟𝑦 [10] by Lofti A. 𝑍𝑎𝑑𝑒ℎ (1965), 𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 𝑡ℎ𝑒𝑜𝑟𝑦 [10] by 

Atanassov (1986), vague set theory [2] by Gau & Beuhrer (1993) were developed. 

 

In fuzzy set theory, 𝑡ℎ𝑒 𝑢𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦 𝑜𝑓 𝑎 𝑠𝑒𝑡 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 that 

fix 𝑣𝑎𝑙𝑢𝑒𝑠  called membership degrees 𝑡𝑜 𝑡ℎ𝑒 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑠𝑒𝑡  𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑤𝑖𝑡ℎ𝑖𝑛 

𝑡ℎ𝑒 range[0, 1. As an extension, in 𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 𝑡ℎ𝑒𝑜𝑟𝑦, non – membership 

degree is also taken into account. Later, to solve the problems involving incomplete, 

𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑡𝑒  and 𝑖𝑛𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑡 𝑖𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛,  𝑆𝑚𝑎𝑟𝑎𝑛𝑑𝑎𝑐ℎ𝑒  developed a new theory 

called 𝑁𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑠𝑒𝑡 𝑡ℎ𝑒𝑜𝑟𝑦  [7] as it includes new membership called 

𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑐𝑦 − 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖 . 𝐼𝑛 𝑡ℎ𝑖𝑠 𝑝𝑎𝑝 , 𝑊𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑  a 𝑛𝑒𝑤 𝑐𝑜𝑛𝑐𝑒𝑝𝑡 
𝑐𝑎𝑙𝑙𝑒𝑑 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑁𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑉𝑎𝑔𝑢𝑒 𝑆𝑒𝑡(𝑃𝑁𝑉𝑆)  by which includes four 

membership functions namely 𝑡𝑟𝑢𝑡ℎ 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖 , 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖 , 

𝑖𝑔𝑛𝑜𝑟𝑎𝑛𝑐𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, unknown membership 𝑎𝑛𝑑 𝑓𝑎𝑙𝑠𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠. 
 

In 2010 Wang et al., [9] developed 𝑠𝑖𝑛𝑔𝑙𝑒 𝑣𝑎𝑙𝑢𝑒𝑑  𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑠𝑒𝑡 (𝑆𝑉𝑁𝑆)  and he 

defined some basic operations like subset, equality, complement, union and intersection 

on  𝑆𝑉𝑁𝑆 . Meanwhile Liu and Wang [2] introduced relations such as 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛, 
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛, 𝑠𝑐𝑎𝑙𝑎𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑝𝑜𝑤𝑒𝑟 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑆𝑉𝑁𝑆𝑠. 

 
Many extensions of 𝑁𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑠𝑒𝑡  were developed and areas like used in decision 

making, aggregation operators, image processing etc.,[5].  

 

Following these developments, we present some algebraic operations for 

𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑁𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑉𝑎𝑔𝑢𝑒 𝑆𝑒𝑡  and defined some algebraic operations on 

𝑃𝑁𝑉𝑆𝑠 with examples. 

 

II. PRELIMINARIES 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏 [𝟕]:  𝐿𝑒𝑡 𝑈 𝑏𝑒 𝑎 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 . 𝐴 𝑵𝒆𝒖𝒕𝒓𝒐𝒔𝒐𝒑𝒉𝒊𝒄 𝒔𝒆𝒕   𝐴  on 𝑋 can be 

𝑑𝑒𝑓𝑖𝑛𝑒𝑑 as follows:  

 

𝐴 = {〈𝑥,𝑇𝐴(𝑥),𝐼𝐴(𝑥),𝐹𝐴(𝑥)〉:𝑥 ∈ 𝑋} 

 

𝑤ℎ𝑒𝑟𝑒 𝑇, 𝐼, 𝐹: 𝑋 →  [0,1] 𝑎𝑛𝑑 0 ≤  𝑇𝐴(𝑥) + 𝐼𝐴(𝑥) + 𝐹𝐴(𝑥)  ≤  3. 
Here  𝑇𝐴(𝑥)  𝑖𝑠 𝑡ℎ𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, (𝑥) 𝑖𝑠 𝑡ℎ𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑐𝑦 and (𝑥) 

𝑖𝑠 𝑡ℎ𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑛𝑜𝑛 − 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝. 
 

𝐹𝑜𝑟 𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑟𝑒𝑎𝑙 𝑠𝑐𝑖𝑒𝑛𝑡𝑖𝑓𝑖𝑐 𝑎𝑛𝑑 𝑒𝑛𝑔𝑖𝑛𝑒𝑒𝑟𝑖𝑛𝑔 𝑎𝑟𝑒𝑎𝑠,  𝑊𝑎𝑛𝑔 𝑒𝑡 𝑎𝑙. , 𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑 𝑡ℎ𝑒 

𝑐𝑜𝑛𝑐𝑒𝑝𝑡 𝑜𝑓 𝑎 𝑠𝑖𝑛𝑔𝑙𝑒 𝑣𝑎𝑙𝑢𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑠𝑒𝑡 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠:  
𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑆𝑉𝑁 − 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 [6]. 𝐼𝑡  𝑖𝑠 𝑟𝑒𝑐𝑎𝑙𝑙𝑒𝑑 

𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 
 

𝐿𝑒𝑡  𝑥 = (𝑇1, 𝐼1, 𝐹1)  and 𝑦 = (𝑇2, 𝐼2, 𝐹2)  be two 𝑆𝑉𝑁𝑆 , 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 
𝑎𝑟𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 follows: 
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a) 𝑥⨁𝑦 = (𝑇1 + 𝑇2 − 𝑇1𝑇2, 𝐼1𝐼2, 𝐹1𝐹2) 

b) 𝑥⨂𝑦 = (𝑇1𝑇2, 𝐼1 + 𝐼2 − 𝐼1𝐼2, 𝐹1 + 𝐹2 − 𝐹1𝐹2) 

c) 𝜆𝑥 = ((1 − (1 − 𝑇1)
𝜆), 𝐼1

𝜆, 𝐹1
𝜆) 

d) 𝑥𝜆 = (𝑇1
𝜆, (1 − (1 − 𝐼1)

𝜆), (1 − (1 − 𝐹1)
𝜆)) 

 

Definition 2.2 [8]: A 𝑵𝒆𝒖𝒕𝒓𝒐𝒔𝒐𝒑𝒉𝒊𝒄 𝒗𝒂𝒈𝒖𝒆 𝒔𝒆𝒕 𝐴𝑁𝑉 (𝑁𝑉𝑆 ) on 𝑋 written as  

 

 𝐴 = { 〈𝑥; �̂�𝐴(𝑥); 𝐼𝐴(𝑥); �̂�𝐴(𝑥)〉; 𝑥 , 𝑤ℎ𝑜𝑠𝑒 𝑡𝑟𝑢𝑡ℎ 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝑖𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑐𝑦 

𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑎𝑛𝑑 𝑓𝑎𝑙𝑠𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠:  
 

�̂�𝐴(𝑥) = [𝑇
−, 𝑇+],    𝐼𝐴(𝑥)[𝐼

−, 𝐼+],    �̂�𝐴(𝑥)=[𝐹
−, 𝐹+], 

 

𝑊ℎ𝑒𝑟𝑒, (1) 𝑇+ =  1 − 𝐹−  (2)   𝐹+ = 1− 𝑇− and (3) 0 ≤ 𝑇− + 𝐼− + 𝐹− ≤ 2+  when 𝑋  is 

𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝑎 𝑁𝑉𝑆 𝐴 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠   
 

𝐴 = ∫〈𝑥; �̂�𝐴(𝑥); 𝐼𝐴(𝑥); �̂�𝐴(𝑥)〉 /𝑥, 𝑥 ∈ 𝑋 

 

𝑊ℎ𝑒𝑛 𝑋 𝑖𝑠 𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒, 𝑎 𝑁𝑉𝑆 𝐴 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠  
 

𝐴 =∑ 〈𝑥; �̂�𝐴(𝑥); 𝐼𝐴(𝑥); �̂�𝐴(𝑥)〉/𝑥𝑖, 𝑥𝑖 ∈ 𝑋
𝑛

𝑖=1
 

 

Definition 2.3 [6]: A 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑁𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑉𝑎𝑔𝑢𝑒 𝑆𝑒𝑡 𝐴𝑃𝑁𝑉 on the universe of 

discourse written as   

𝐴𝑃𝑁𝑉 = {〈𝑥; �̂�𝐴𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥)〉; 𝑥 ∈ 𝑋}  

 

𝑤ℎ𝑜𝑠𝑒 𝑡𝑟𝑢𝑡ℎ 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝑖𝑔𝑛𝑜𝑟𝑎𝑛𝑐𝑒  
𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛  𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝑎𝑛𝑑 𝑓𝑎𝑙𝑠𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠: 

 
�̂�𝐴𝑃𝑁𝑉(𝑥) = [𝑇−, 𝑇+],    �̂�𝐴𝑃𝑁𝑉(𝑥) = [𝐶−, 𝐶+],    �̂�𝐴𝑃𝑁𝑉(𝑥) = [𝐺−, 𝐺+],   

  �̂�𝐴𝑃𝑁𝑉(𝑥) = [𝑈−, 𝑈+],    �̂�𝐴𝑃𝑁𝑉(𝑥) = [𝐹−, 𝐹+],     

 

𝑊ℎ𝑒𝑟𝑒 (1) 𝑇+ =  1 − 𝐹−  (2)  𝐹+ =  1 − 𝑇− (3) 𝐶+= 1−𝑈−  (4)  𝑈+= 1−𝐶−  

 (5) 0 ≤ 𝑇− + 𝐶− + 𝐺− + 𝑈− + 𝐹− ≤ 4+ 

 

Definition 2.4 [6]: 𝐿𝑒𝑡   𝐴𝑃𝑁𝑉  𝑎𝑛𝑑   𝐵𝑃𝑁𝑉  𝑏𝑒 𝑡𝑤𝑜  𝑜𝑓 𝑡ℎ𝑒 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 𝑈 . If ∀𝑥 ∈ 𝑈, 

�̂�𝐴𝑃𝑁𝑉(𝑥) ≤ �̂�𝐵𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥) ≤ �̂�𝐵𝑃𝑁𝑉(𝑥); 

 

 �̂�𝐴𝑃𝑁𝑉(𝑥) ≥ �̂�𝐵𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥) ≥ �̂�𝐵𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥) ≥ �̂�𝐵𝑃𝑁𝑉(𝑥)   then the 𝑃𝑁𝑉𝑆 

𝐴𝑃𝑁𝑉 is included by 𝐵𝑃𝑁𝑉, denoted by 𝐴𝑃𝑁𝑉 ⊆ 𝐵𝑃𝑁𝑉. 
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Definition 2.5 [6]: The complement of  𝑷𝑵𝑽𝑺  𝐴𝑃𝑁𝑉 is denoted by 𝐴𝑃𝑁𝑉
𝐶 and is defined 

by   ̂�̂�𝐴𝑃𝑁𝑉
𝐶 (𝑥) = [1 − 𝑇+, 1 − 𝑇−],  �̂�𝐴𝑃𝑁𝑉

𝐶 (𝑥) = [1 − 𝐶+, 1 − 𝐶−], �̂�𝐴𝑃𝑁𝑉
𝐶 (𝑥) = [1 − 𝐺+, 1 −

𝐺−],  �̂�𝐴𝑃𝑁𝑉
𝐶 (𝑥) = [1 − 𝑈+, 1 − 𝑈−], �̂�𝐴𝑃𝑁𝑉

𝐶 (𝑥) = [1 − 𝐹+, 1 − 𝐹−]. 

 

Definition 2.6 [6]:  Let 𝐴𝑃𝑁𝑉 be  a  𝑃𝑁𝑉𝑆 𝑜𝑛 𝑡ℎ𝑒 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑑𝑖𝑠𝑐𝑜𝑢𝑟𝑠𝑒 𝑈 where ∀𝑥 ∈ 𝑈,   

�̂�𝐴𝑃𝑁𝑉(𝑥) = [1,1],   �̂�𝐴𝑃𝑁𝑉(𝑥) = [1,1],   

 

 �̂�𝐴𝑃𝑁𝑉(𝑥) = [0,0]  ,    �̂�𝐴𝑃𝑁𝑉(𝑥) = [0,0],   �̂�𝐴𝑃𝑁𝑉(𝑥) = [0,0] . Then  𝐴𝑃𝑁𝑉  is 𝑐𝑎𝑙𝑙𝑒𝑑 𝑢𝑛𝑖𝑡 

 𝑃𝑁𝑉𝑆(1𝑃𝑁𝑉in 𝑠ℎ𝑜𝑟𝑡).    
 

Definition 2.7 [6]: Let 𝐴𝑃𝑁𝑉be a 𝑃𝑁𝑉𝑆 𝑜𝑛 𝑡ℎ𝑒 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑑𝑖𝑠𝑐𝑜𝑢𝑟𝑠𝑒 𝑈 where ∀𝑥 ∈ 𝑈,   

 

�̂�𝐴𝑃𝑁𝑉(𝑥) = [0,0],   �̂�𝐴𝑃𝑁𝑉(𝑥) = [0,0],   �̂�𝐴𝑃𝑁𝑉̇ (𝑥) = [1,1] ,    �̂�𝐴𝑃𝑁𝑉(𝑥) = [1,1],   �̂�𝐴𝑃𝑁𝑉(𝑥) =

[1,1] 
 

𝑇ℎ𝑒𝑛  𝐴𝑃𝑁𝑉 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑧𝑒𝑟𝑜 𝑃𝑁𝑉𝑆 (0𝑃𝑁𝑉𝑖𝑛 𝑠ℎ𝑜𝑟𝑡).  
 

Definition 2.8 [6]: 𝐿𝑒𝑡  𝐴𝑃𝑁𝑉 𝑎𝑛𝑑  𝐵𝑃𝑁𝑉 𝑏𝑒 𝑡𝑤𝑜  𝑃𝑁𝑉𝑆 𝑜𝑓 𝑡ℎ𝑒 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 𝑈. If ∀ 𝑥 ∈ 𝑈,  

�̂�𝐴𝑃𝑁𝑉(𝑥) = �̂�𝐵𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥) = �̂�𝐵𝑃𝑁𝑉(𝑥) ; �̂�𝐴𝑃𝑁𝑉(𝑥) = �̂�𝐵𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥) =

�̂�𝐵𝑃𝑁𝑉(𝑥); �̂�𝐴𝑃𝑁𝑉(𝑥) = �̂�𝐵𝑃𝑁𝑉(𝑥)    then the  𝑃𝑁𝑉𝑆  𝐴𝑃𝑁𝑉  and  𝐵𝑃𝑁𝑉 are equal 

 

Definition 2.9 [6]: 𝑇ℎ𝑒 𝑢𝑛𝑖𝑜𝑛 𝑜𝑓 𝑃𝑁𝑉𝑆𝑠 two  𝐴𝑃𝑁𝑉 and 𝐵𝑃𝑁𝑉 is a 𝑃𝑁𝑉𝑆  𝐾𝑃𝑁𝑉 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 
 𝐾𝑃𝑁𝑉 =  𝐴𝑃𝑁𝑉 ⋃ 𝐵𝑃𝑁𝑉 whose 𝑡𝑟𝑢𝑡ℎ − 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 , 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛 −
𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝑖𝑔𝑛𝑜𝑟𝑎𝑛𝑐𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑎𝑛𝑑  𝑓𝑎𝑙𝑠𝑒 

𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑡𝑜 𝑡ℎ𝑜𝑠𝑒 𝑜𝑓 𝐴𝑃𝑁𝑉 𝑎𝑛𝑑 𝐵𝑃𝑁𝑉 𝑏𝑦  
 

�̂�𝐾𝑃𝑁𝑉(𝑥) = [𝑚𝑎𝑥(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ),𝑚𝑎𝑥(�̂�𝐴𝑃𝑁𝑉
+ , �̂�𝐵𝑃𝑁𝑉

+ )] 

�̂�𝐾𝑃𝑁𝑉(𝑥) = [𝑚𝑎𝑥(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ),𝑚𝑎𝑥(�̂�𝐴𝑃𝑁𝑉
+ , �̂�𝐵𝑃𝑁𝑉

+ )] 

�̂�𝐾𝑃𝑁𝑉(𝑥) = [𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ),𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉
+ , �̂�𝐵𝑃𝑁𝑉

+ )] 

�̂�𝐾𝑃𝑁𝑉(𝑥) = [𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ), 𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉
+ , 𝑈𝐵𝑃𝑁𝑉

+ )] 

�̂�𝐾𝑃𝑁𝑉(𝑥) = [𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ), 𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉
+ , 𝐹𝐵𝑃𝑁𝑉

+ )] 

 

Definition 2.10 [6]:  𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 of two 𝑃𝑁𝑉𝑆𝑠    𝐴𝑃𝑁𝑉 and 𝐵𝑃𝑁𝑉 is a 𝑃𝑁𝑉𝑆 𝐻𝑃𝑁𝑉 , 

written as     𝐻𝑃𝑁𝑉 =  𝐴𝑃𝑁𝑉̇ ⋂ 𝐵𝑃𝑁𝑉  whose 𝑡𝑟𝑢𝑡ℎ − 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 , 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛 −
𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖 , 𝑖𝑔𝑛𝑜𝑟𝑎𝑛𝑐𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑎𝑛𝑑 𝑓𝑎𝑙𝑠𝑒 −
𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑡𝑜 𝑡ℎ𝑜𝑠𝑒 𝑜𝑓 𝐴𝑃𝑁𝑉 𝑎𝑛𝑑 𝐵𝑃𝑁𝑉 𝑏𝑦  

 
�̂�𝐻𝑃𝑁𝑉(𝑥) = [𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉

− , �̂�𝐵𝑃𝑁𝑉
− ),𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉

+ , �̂�𝐵𝑃𝑁𝑉
+ )] 

�̂�𝐻𝑃𝑁𝑉(𝑥) = [𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ),𝑚𝑖𝑛(�̂�𝐴𝑃𝑁𝑉
+ , �̂�𝐵𝑃𝑁𝑉

+ )] 
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�̂�𝐻𝑃𝑁𝑉(𝑥) = [𝑚𝑎𝑥(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ),𝑚𝑎𝑥 (�̂�𝐴𝑃𝑁𝑉
+ , �̂�𝐵𝑃𝑁𝑉̇

+ )] 

�̂�𝐻𝑃𝑁𝑉(𝑥) = [𝑚𝑎𝑥(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ),𝑚𝑎𝑥(�̂�𝐴𝑃𝑁𝑉
+ , 𝑈𝐵𝑃𝑁𝑉

+ )] 

�̂�𝐻𝑃𝑁𝑉(𝑥) = [𝑚𝑎𝑥(�̂�𝐴𝑃𝑁𝑉
− , �̂�𝐵𝑃𝑁𝑉

− ),𝑚𝑎𝑥 (�̂�𝐴𝑃𝑁𝑉
+ , 𝐹𝐵𝑃𝑁𝑉̇

+ )] 

 

Definition 2.11 [6]: Let {𝐴𝑖𝑃𝑁𝑉: 𝑖 ∈ 𝐽} be an arbitrary family of  𝑃𝑁𝑉𝑆𝑠. Then  

 

⋃𝐴𝑖𝑃𝑁𝑉

= {〈
𝑥; (max

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉̇

− ) ,max
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
+ )) , (max

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

− ) ,max
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
+ )) , (min

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

− ) ,min
𝑖∈𝐽
(�̂�𝐴𝑃𝑁𝑉

+ ))

(min
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
− ) ,min

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

+ )) , (min
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
− ) ,min

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

+ ))
〉 ; 𝑥

∈ 𝑋 } 

 

⋂𝐴𝑖𝑃𝑁𝑉

={〈
𝑥; (max

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

− ) ,max
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
+ )) , (max

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

− ) ,max
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
+ )) , (min

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

− ) ,min
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
+ ))

(min
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
− ) ,min

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

+ )) , (min
𝑖∈𝐽

(�̂�𝐴𝑖𝑃𝑁𝑉
− ) ,min

𝑖∈𝐽
(�̂�𝐴𝑖𝑃𝑁𝑉

+ ))
〉 ; 𝑥

∈ 𝑋} 

 

III. OPERATIONS ON PENTAPARTITIONED NEUTROSOPHIC VAGUE SETS 

 

𝑇ℎ𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑠 𝑣𝑎𝑟𝑖𝑜𝑢𝑠 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑃𝑁𝑉𝑆 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑆𝑉𝑁𝑆 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 

𝑇ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛,𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛, 𝑠𝑐𝑎𝑙𝑎𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛, 𝑎𝑛𝑑  
𝑝𝑜𝑤𝑒𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠: 
 

Definition 3.1: 

 

Let  
𝐴𝑃𝑁𝑉

= {〈
𝑥; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�

+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; 

[�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]
〉 ; 𝑥

∈ 𝑋} 

 

𝐵𝑃𝑁𝑉 = 

{〈
𝑥; [�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�

+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; 

[�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]
〉 ; 𝑥 ∈ 𝑋}  
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be two 𝑃𝑁𝑉𝑆𝑆. Then the addition of  𝐴𝑃𝑁𝑉 and  𝐵𝑃𝑁𝑉 denoted as (𝐴⊕ 𝐵)𝑃𝑁𝑉 defined by  

 
(𝐴 ⊕ 𝐵)𝑃𝑁𝑉

=

{
 
 

 
 

〈

𝑥; [�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�
+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)] ;

 [�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�
+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)];

[�̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)];

[�̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]

〉

}
 
 

 
 

 

Example 3.2: 

 

Let 𝑈 = {𝑚, 𝑛} 𝑏𝑒 𝑎 𝑠𝑒𝑡 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 𝑎𝑛𝑑 𝑙𝑒𝑡 
 

𝐴𝑃𝑁𝑉 = {

𝑚

{[0.3,0.55],[0.45,0.5],[0.2,0.75],[0.55,0.78],[0.65,0.7]}
,

𝑛

{[0.4,0.85],[0.35,0.6],[0.45,0.8],[0.15,0.76],[0.37,0.9]}

}, 

𝐵𝑃𝑁𝑉 = {

𝑚

{[0.43,0.65], [0.56,0.7], [0.37,0.68], [0.59,0.8], [0.4,0.65]}
,

𝑛

{[0.32,0.65], [0.5,0.86], [0.25,0.5], [0.4,0.65], [0.6,0.95]}

} 

 

Then (𝐴 ⊕ 𝐵)𝑃𝑁𝑉 

= {

𝑚

{[0.601,0.8425], [0.758,0.85], [0.074,0.51], [0.3245,0.624], [0.26,0.455]}
,

𝑛

{[0.592,0.9475], [0.675,0.944], [0.1125,0.4], [0.06,0.494], [0.18,0.855]}

} 

 

which is again a 𝑃𝑁𝑉𝑆. 
 

Definition 3.3: 

 

Let 𝐴𝑃𝑁𝑉 =

{〈
𝑥; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�

+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; 

[�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]
〉 ; 𝑥 ∈ 𝑋} 

 
𝐵𝑃𝑁𝑉 = 

{〈
𝑥; [�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�

+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; 

[�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐵𝑃𝑁𝑉(𝑥), �̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]
〉 ; 𝑥 ∈ 𝑋}  

𝑏𝑒 𝑡𝑤𝑜  𝑃𝑁𝑉𝑆𝑆.  𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑜𝑓   𝐴𝑃𝑁𝑉  and  𝐵𝑃𝑁𝑉  denoted as (𝐴⨂𝐵)𝑃𝑁𝑉 

𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦  
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(𝐴⨂𝐵)𝑃𝑁𝑉

=

{
 
 

 
 

〈

𝑥; [�̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)];

[�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�
+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)];

[�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−

𝐴𝑃𝑁𝑉
(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�

+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥)] ;

[�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−

𝐴𝑃𝑁𝑉
(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�

+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥)]

〉

}
 
 

 
 

 

 

 

 

Example 3.4: 

 

Let 𝑈 = {𝑚, 𝑛} 𝑏𝑒 𝑎 𝑠𝑒𝑡 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 𝑎𝑛𝑑 𝑙𝑒𝑡  

𝐴𝑃𝑁𝑉 = {

𝑚

{[0.25,0.43],[0.36,0.48],[0.35,0.62],[0.47,0.6],[0.45,0.55]}
,

𝑛

{[0.53,0.55],[0.4,0.85],[0.26,0.64],[0.5,0.75],[0.45,0.76]}

}, 

𝐵𝑃𝑁𝑉 = {

𝑚

{[0.35,0.59], [0.43,0.55], [0.15,0.4], [0.29,0.65], [0.52,0.71]}
,

𝑛

{[0.45,0.8], [0.37,0.9], [0.25,0.5], [0.25,0.4], [0.47,0.5]}

} 

Then (𝐴⨂𝐵)𝑃𝑁𝑉 

= {

𝑚

{[0.0875,0.2537], [0.1548,0.264], [0.4475,0.772], [0.6237,0.86], [0.736,0.8695]}
,

𝑛

{[0.2385,0.44], [0.148,0.765], [0.445,0.82], [0.625,0.85], [0.7085,0.88]}

} 

 

 

Definition 3.5: 

 

Let  
𝐴𝑃𝑁𝑉 =

{〈
𝑥; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�

+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; 

[�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]
〉 ; 𝑥 ∈ 𝑋}  

be a 𝑃𝑁𝑉𝑆. 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑐𝑎𝑙𝑎𝑟 (𝜆) 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐴𝑃𝑁𝑉 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑎𝑠  𝜆𝐴𝑃𝑁𝑉𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦  
𝜆𝐴𝑃𝑁𝑉 = 
 

{
 
 
 
 
 

 
 
 
 
 

〈

𝑥; [1 − (1 − �̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, 1 − (1 − �̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

] ;

[1 − (1 − �̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, 1 − (1 − �̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

] ;

[(�̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, (�̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

] ;

[(�̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, (�̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

] ;

[(�̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, (�̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

]

〉 ; 𝑥 ∈ 𝑋

}
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Example 3.6: 

 

Let 𝑈 = {𝑚, 𝑛} 𝑏𝑒 𝑎 𝑠𝑒𝑡 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒, 𝑙𝑒𝑡 

  
𝐴𝑃𝑁𝑉 = {

𝑚

{[0.3,0.5], [0.4,0.6], [0.2,0.7], [0.3,0.6], [0.5,0.8]}
,

𝑛

{[0.1,0.6], [0.6,0.7], [0.3,0.4], [0.5,0.7], [0.6,0.9]}
} 

be a 𝑃𝑁𝑉𝑆  and if 𝜆 = 3, then 

 

 𝜆𝐴𝑃𝑁𝑉 
 

= {

𝑚

{[1 − (1 − 0.3)3, 1 − (1 − 0.5)3], [1 − (1 − 0.4)3, 1 − (1 − 0.6)3], [(0.2)3, (0.7)3], [(0.3)3, (0.6)3], [(0.5)3, (0.8)3]}
,

𝑛

{[1 − (1 − 0.1)3, 1 − (1 − 0.6)3], [1 − (1 − 0.6)3, 1 − (1 − 0.7)3], [(0.3)3, (0.4)3], [(0.5)3, (0.7)3], [(0.6)3, (0.9)3]}

} 

 

 

𝜆𝐴𝑃𝑁𝑉 = {

𝑚

{[0.657,0.875], [0.784,0.936], [0.008,0.343], [0.027,0.216], [0.125,0.512]}
,

𝑛

{[0.271,0.936], [0.936,0.973], [0.027,0.064], [0.125,0.343], [0.216,0.729]}

} 

 

Definition 3.7: 

 

Let 𝐴𝑃𝑁𝑉 =

{〈
𝑥; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�

+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; 

[�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥), �̂�
+
𝐴𝑃𝑁𝑉

(𝑥)]
〉 ; 𝑥 ∈ 𝑋}  

be a 𝑃𝑁𝑉𝑆.  
 

Then, 𝑃𝑁𝑉𝑆 power denoted by 𝐴𝑃𝑁𝑉
𝜆
 is defined by  

 

𝐴𝑃𝑁𝑉
𝜆 =

{
 
 
 
 
 

 
 
 
 
 

〈

𝑥; [(�̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, (�̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

] ;

[(�̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, (�̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

] ;

[1 − (1 − �̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, 1 − (1 − �̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

] ;

[1 − (1 − �̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, 1 − (1 − �̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

] ;

[1 − (1 − �̂�−𝐴𝑃𝑁𝑉(𝑥))
𝜆

, 1 − (1 − �̂�+𝐴𝑃𝑁𝑉(𝑥))
𝜆

]

〉 ; 𝑥 ∈ 𝑋

}
 
 
 
 
 

 
 
 
 
 

 

 

Example 3.8: 

 

𝐿𝑒𝑡 𝑈 = {𝑚, 𝑛} 𝑏𝑒 𝑎 𝑠𝑒𝑡 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒, 𝑙𝑒𝑡  

𝐴𝑃𝑁𝑉 = {
𝑚

{[0.3,0.5], [0.4,0.6], [0.2,0.7], [0.3,0.6], [0.5,0.8]}
,

𝑛

{[0.1,0.6], [0.6,0.7], [0.3,0.4], [0.5,0.7], [0.6,0.9]}
} 

𝑏𝑒 𝑎 𝑃𝑁𝑉𝑆  and if 𝜆 = 2, then 
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𝐴𝑃𝑁𝑉
𝜆 =

{
 

 
𝑚

{[(0.3)2, (0.5)2], [(0.4)2, (0.6)2], [[1 − (1 − 0.2)2, 1 − (1 − 0.7)2]], [[1 − (1 − 0.3)2, 1 − (1 − 0.6)2]], [[1 − (1 − 0.5)2, 1 − (1 − 0.8)2]]}
,

𝑛

{[(0.1)2, (0.6)2], [(0.6)2, (0.7)2], [[1 − (1 − 0.3)2, 1 − (1 − 0.4)2]], [[1 − (1 − 0.5)2, 1 − (1 − 0.7)2]], [[1 − (1 − 0.6)2, 1 − (1 − 0.9)2]]} }
 

 

 

𝐴𝑃𝑁𝑉
𝜆 

= {

𝑚

{[0.09,0.25], [0.16,0.36], [0.36,0.91], [0.51,0.84], [0.75,0.96]}
,

𝑛

{[0.01,0.36], [0.36,0.49], [0.51,0.64], [0.75,0.91], [0.84,0.99]}

} 

 
Theorem 3.9:  

 

𝐿𝑒𝑡  𝐴𝑃𝑁𝑉  𝑎𝑛𝑑  𝐵𝑃𝑁𝑉  𝑏𝑒 𝑡𝑤𝑜 𝑃𝑁𝑉𝑆  and  𝜆, 𝜆1, 𝜆2 > 0. 𝑇ℎ𝑒𝑛  
 

i) (𝐴⊕ 𝐵)𝑃𝑁𝑉 = (𝐵 ⊕ 𝐴)𝑃𝑁𝑉 

ii) (𝐴⊗ 𝐵)𝑃𝑁𝑉 = (𝐵 ⊗ 𝐴)𝑃𝑁𝑉 

iii) 𝜆(𝐴⊕ 𝐵)𝑃𝑁𝑉 = 𝜆𝐴𝑃𝑁𝑉⊕ λ𝐵𝑃𝑁𝑉 

iv) 𝜆1𝐴𝑃𝑁𝑉⊕𝜆2𝐴𝑃𝑁𝑉 = (𝜆1⊕𝜆2)𝐴𝑃𝑁𝑉 

v) 𝐴𝑃𝑁𝑉
𝜆1 ⊗𝐴𝑃𝑁𝑉

𝜆2 = 𝐴𝑃𝑁𝑉
𝜆1+𝜆2 

vi) 𝐴𝑃𝑁𝑉
𝜆  ⊗ 𝐵𝑃𝑁𝑉

𝜆 = (𝐴⊗𝐵)𝑃𝑁𝑉
𝜆
 

 
Proof:  

 

𝑇ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 (𝑖), (𝑖𝑖), (𝑖𝑣) 𝑎𝑛𝑑 (𝑣𝑖) 𝑎𝑟𝑒 𝑜𝑏𝑣𝑖𝑜𝑢𝑠, 𝑡ℎ𝑢𝑠 𝑤𝑒  𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟𝑠. 
 

𝑷𝒓𝒐𝒐𝒇 𝒐𝒇 (𝒊𝒊𝒊)  
 

𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛, 𝑤𝑒 ℎ𝑎𝑣𝑒 

 
(𝐴 ⊕ 𝐵)𝑃𝑁𝑉 =

=

{
 
 

 
 

〈

𝑥; [�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�
+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)] ;

 [�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�
+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)];

[�̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]; [�̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)];

[�̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥), �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)]

〉

}
 
 

 
 

 

 
𝜆(𝐴 ⊕ 𝐵)𝑃𝑁𝑉 

=

{
 
 
 
 
 

 
 
 
 
 

〈

𝑥; [1 − (1 − (�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥)))
𝜆

, 1 − (1 − (�̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�
+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)))
𝜆

] ;

[1 − (1 − (�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥)))
𝜆

, 1 − (1 − (�̂�+𝐴𝑃𝑁𝑉(𝑥) + �̂�
+
𝐵𝑃𝑁𝑉

(𝑥) − �̂�+𝐴𝑃𝑁𝑉(𝑥)�̂�
+
𝐵𝑃𝑁𝑉

(𝑥)))
𝜆

] ;

[(𝐺𝐴𝑃𝑁𝑉
− (𝑥)𝐺𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
, (𝐺𝐴𝑃𝑁𝑉

+ (𝑥)𝐺𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
] ;

[(𝑈𝐴𝑃𝑁𝑉
− (𝑥)𝑈𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
, (𝑈𝐴𝑃𝑁𝑉

+ (𝑥)𝑈𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
] ;

[(�̂�𝐴𝑃𝑁𝑉
− (𝑥)�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
, (�̂�𝐴𝑃𝑁𝑉

+ (𝑥)�̂�𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
]

〉 ; 𝑥       𝑥𝑥 ∈ 𝑋

}
 
 
 
 
 

 
 
 
 
 

 

𝑊𝑒 𝑠𝑜𝑙𝑣𝑒 𝑡𝑟𝑢𝑡ℎ 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 

= 1 − (1 − (�̂�−𝐴𝑃𝑁𝑉(𝑥) + �̂�
−
𝐵𝑃𝑁𝑉

(𝑥) − �̂�−𝐴𝑃𝑁𝑉(𝑥)�̂�
−
𝐵𝑃𝑁𝑉

(𝑥)))
𝜆
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= 1 − (1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥) − �̂�𝐵𝑃𝑁𝑉

− (𝑥) + �̂�𝐴𝑃𝑁𝑉
− (𝑥)�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆

 

= 1 − ((1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥)) − �̂�𝐵𝑃𝑁𝑉

− (𝑥) (1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥)))

𝜆

 

 = 1 − ((1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥)))
𝜆

 

 

By similar calculation, we get 

𝜆(𝐴 ⊕ 𝐵)𝑃𝑁𝑉 = 

{
 
 
 
 
 

 
 
 
 
 

〈𝑥;

[1 − ((1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥)))
𝜆

, 1 − ((1 − �̂�𝐴𝑃𝑁𝑉
+ (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

+ (𝑥)))
𝜆

] ;

[1 − ((1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥)))
𝜆

, 1 − ((1 − �̂�𝐴𝑃𝑁𝑉
+ (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

+ (𝑥)))
𝜆

] ;

[(�̂�𝐴𝑃𝑁𝑉
− (𝑥)�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆

, (�̂�𝐴𝑃𝑁𝑉
+ (𝑥)�̂�𝐵𝑃𝑁𝑉

+ (𝑥))
𝜆

] ;

[(�̂�𝐴𝑃𝑁𝑉
− (𝑥)�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆

, (�̂�𝐴𝑃𝑁𝑉
+ (𝑥)�̂�𝐵𝑃𝑁𝑉

+ (𝑥))
𝜆

] ;

[(�̂�𝐴𝑃𝑁𝑉
− (𝑥)�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆

, (�̂�𝐴𝑃𝑁𝑉
+ (𝑥)�̂�𝐵𝑃𝑁𝑉

+ (𝑥))
𝜆

]

〉 𝑥 ∈ 𝑋

}
 
 
 
 
 

 
 
 
 
 

  → (1) 

 
Now  

  𝜆𝐴𝑃𝑁𝑉⊕ λ𝐵𝑃𝑁𝑉 = 

{
 
 
 
 
 
 

 
 
 
 
 
 

〈

𝑥;

[
 
 
 
 ((1 − (1 − �̂�𝐴𝑃𝑁𝑉

− (𝑥))
𝜆
) + (1 − (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
) − (1 − (1 − �̂�𝐴𝑃𝑁𝑉

− (𝑥))
𝜆
) (1 − (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
)) ,

((1 − (1 − �̂�𝐴𝑃𝑁𝑉
+ (𝑥))

𝜆
) + (1 − (1 − �̂�𝐵𝑃𝑁𝑉

+ (𝑥))
𝜆
) − (1 − (1 − �̂�𝐴𝑃𝑁𝑉

+ (𝑥))
𝜆
) (1 − (1 − �̂�𝐵𝑃𝑁𝑉

+ (𝑥))
𝜆
))
]
 
 
 
 

;

[
 
 
 
 ((1 − (1 − �̂�𝐴𝑃𝑁𝑉

− (𝑥))
𝜆
) + (1 − (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
) − (1 − (1 − 𝐶𝐴𝑃𝑁𝑉

− (𝑥))
𝜆
) (1 − (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
)) ,

((1 − (1 − �̂�𝐴𝑃𝑁𝑉
+ (𝑥))

𝜆
) + (1 − (1 − �̂�𝐵𝑃𝑁𝑉

+ (𝑥))
𝜆
) − (1 − (1 − �̂�𝐴𝑃𝑁𝑉

+ (𝑥))
𝜆
) (1 − (1 − �̂�𝐵𝑃𝑁𝑉

+ (𝑥))
𝜆
))
]
 
 
 
 

;

[(�̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆
(�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
, (�̂�𝐴𝑃𝑁𝑉

+ (𝑥)�̂�𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
] ; [(�̂�𝐴𝑃𝑁𝑉

− (𝑥))
𝜆
(�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
, (�̂�𝐴𝑃𝑁𝑉

+ (𝑥)�̂�𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
] ;

[(�̂�𝐴𝑃𝑁𝑉
− (𝑥)�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
, (�̂�𝐴𝑃𝑁𝑉

+ (𝑥)�̂�𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
]

〉 ; 𝑥 ∈ 𝑋

}
 
 
 
 
 
 

 
 
 
 
 
 

 

 
Consider the truth membership function 

= (1 − (1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

) + (1 − (1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

) − (1 − (1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

) (1 − (1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

) 

 = 2 − [(1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

+ (1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

] − [1 − (1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

− (1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

+ (1 −

�̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

(1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

] 

 = 2 − (1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

− (1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

− 1 + (1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

+ (1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

− (1 −

�̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

(1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

 

 = 1 − ((1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥))

𝜆

(1 − �̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆

) 

 = 1 − [(1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥))]
𝜆
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In the similar manner, we have 

 

 λ𝐴𝑃𝑁𝑉⨁λ𝐵𝑃𝑁𝑉 = 

{
 
 
 
 

 
 
 
 

〈

𝑥; [1 − ((1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥)))
𝜆

, 1 − ((1 − �̂�𝐴𝑃𝑁𝑉
+ (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

+ (𝑥)))
𝜆

] ;

[1 − ((1 − �̂�𝐴𝑃𝑁𝑉
− (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

− (𝑥)))
𝜆

, 1 − ((1 − �̂�𝐴𝑃𝑁𝑉
+ (𝑥)) (1 − �̂�𝐵𝑃𝑁𝑉

+ (𝑥)))
𝜆

] ;

[(�̂�𝐴𝑃𝑁𝑉
− (𝑥)�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
, (�̂�𝐴𝑃𝑁𝑉

+ (𝑥)�̂�𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
] ; [(�̂�𝐴𝑃𝑁𝑉

− (𝑥)�̂�𝐵𝑃𝑁𝑉
− (𝑥))

𝜆
, (�̂�𝐴𝑃𝑁𝑉

+ (𝑥)�̂�𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
]

[(�̂�𝐴𝑃𝑁𝑉
− (𝑥)�̂�𝐵𝑃𝑁𝑉

− (𝑥))
𝜆
, (�̂�𝐴𝑃𝑁𝑉

+ (𝑥)�̂�𝐵𝑃𝑁𝑉
+ (𝑥))

𝜆
]

〉 ; 𝑥 ∈ 𝑋

}
 
 
 
 

 
 
 
 

      

                                                                                                                                      → (2)
   
 

From (1) and (2), we have 𝜆(𝐴 ⨁𝐵)𝑃𝑁𝑉 =  λ𝐴𝑃𝑁𝑉⨁λ𝐵𝑃𝑁𝑉 

 

Proof of (v):  

 

  𝑇ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑎𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑜𝑓 (𝒊𝒊𝒊). 
 

IV. PENTAPARTITIONED NEUTROSOPHIC VAGUE COMPACT SPACE 

 

Definition 4.1: 

 

𝐿𝑒𝑡 (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) 𝑏𝑒  𝑃𝑁𝑉𝑇𝑆.  

 

i) 𝐼𝑓 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦  {〈𝑥, 𝑇𝐴, 𝐶𝐴, 𝐺𝐴, 𝑈𝐴, 𝐹𝐴〉; 𝑖 ∈ 𝐽}  of  𝑃𝑁𝑉𝑂𝑆  in 𝑋  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 

𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 ⋃  {〈𝑥, 𝑇𝐴, 𝐶𝐴, 𝐺𝐴, 𝑈𝐴, 𝐹𝐴〉; 𝑖 ∈ 𝐽} = 1𝑃𝑁𝑉 , 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 
𝑐𝑎𝑙𝑙𝑒𝑑 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑁𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑜𝑝𝑒𝑛 𝑐𝑜𝑣𝑒𝑟 𝑜𝑓  𝑋.  A finite subfamily 

of 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑜𝑝𝑒𝑛 𝑐𝑜𝑣𝑒𝑟 {〈𝑥, 𝑇𝐴, 𝐶𝐴, 𝐺𝐴, 𝑈𝐴, 𝐹𝐴〉: 𝑖 ∈ 𝐽} of  

𝑋 , 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑙𝑠𝑜  a 𝑝𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑   𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒  𝑐𝑜𝑣𝑒𝑟  𝑜𝑓 𝑋, 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 

𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑  𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑢𝑏𝑐𝑜𝑣𝑒𝑟 of {〈𝑥, 𝑇𝐴, 𝐶𝐴, 𝐺𝐴, 𝑈𝐴, 𝐹𝐴〉: 𝑖 ∈
𝐽}. 

 

ii) 𝐴 𝑓𝑎𝑚𝑖𝑙𝑦  {〈𝑥, 𝑇𝐵, 𝐶𝐵, 𝐺𝐵, 𝑈𝐵, 𝐹𝐵〉; 𝑖 ∈ 𝐽}  of  𝑃𝑁𝑉𝐶𝑆 𝑖𝑛 𝑋 

𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑖𝑓𝑓 𝑒𝑣𝑒𝑟𝑦 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑢𝑏𝑓𝑎𝑚𝑖𝑙𝑦   
{〈𝑥, 𝑇𝐵, 𝐶𝐵, 𝐺𝐵, 𝑈𝐵, 𝐹𝐵〉; 𝑖 = 1, 2, ……𝑛}  of the 𝑓𝑎𝑚𝑖𝑙𝑦  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 

𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛  ⋂ {〈𝑥, 𝑇𝐵𝑖 , 𝐶𝐵𝑖 , 𝐺𝐵𝑖 , 𝑈𝐵𝑖 , 𝐹𝐵𝑖〉} ≠
𝑛
𝑖=1 0𝑄𝑁𝑉. 

 

Definition 4.2: A  𝑃𝑁𝑉𝑇𝑆 (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉)  is 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 

𝑣𝑎𝑔𝑢𝑒 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 iff every 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢e 𝑜𝑝𝑒𝑛 𝑐𝑜𝑣𝑒𝑟 of  𝑋 has a 

𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑓𝑖𝑛𝑖𝑡𝑒  𝑠𝑢𝑏𝑐𝑜𝑣𝑒𝑟. 
 

Corollary 4.3: A 𝑃𝑁𝑉𝑇𝑆 (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) is 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐  𝑣𝑎𝑔𝑢𝑒 

𝑐𝑜𝑚𝑝𝑎𝑐𝑡 iff every family {〈𝑥, 𝑇𝐵, 𝐶𝐵, 𝐺𝐵, 𝑈𝐵, 𝐹𝐵〉: 𝑖 ∈ 𝐽}  of 𝑃𝑁𝑉𝐶𝑆𝑠  in 𝑋 ℎ𝑎𝑣𝑖𝑛𝑔 𝑡ℎ𝑒 𝐹𝐼𝑃 

ℎ𝑎𝑠 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛. 
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Corollary 4.4: 𝐿𝑒𝑡  (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) , (𝑌𝑃𝑁𝑉, 𝜎𝑃𝑁𝑉)  𝑏𝑒  𝑃𝑁𝑉𝑇𝑆𝑠  𝑎𝑛𝑑  𝑓: (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) → 
(𝑌𝑃𝑁𝑉, 𝜎𝑃𝑁𝑉)  a 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠  𝑠𝑢𝑟𝑗𝑒𝑐𝑡𝑖𝑜𝑛 . If 
(𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) is 𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, then so is (𝑌𝑃𝑁𝑉, 𝜎𝑃𝑁𝑉). 
 

Definition 4.5: Let (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) be 𝑃𝑁𝑉𝑇𝑆 and  𝐴𝑃𝑁𝑉 a 𝑃𝑁𝑉𝑆  in  𝑋. 

 

i) If a family {〈𝑥, 𝑇𝐴, 𝐶𝐴, 𝐺𝐴, 𝑈𝐴, 𝐹𝐴〉: 𝑖 ∈ 𝐽}  of  𝑃𝑁𝑉𝑂𝑆  in 𝑋  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 

𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛  𝐴𝑃𝑁𝑉 ⊆  ⋃{〈〈𝑥, 𝑇𝐴, 𝐶𝐴, 𝐺𝐴, 𝑈𝐴, 𝐹𝐴〉: 𝑖 ∈ 𝐽〉} , 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 

𝑃𝑒𝑛𝑡𝑎𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑  𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑜𝑝𝑒𝑛 𝑐𝑜𝑣𝑒𝑟 𝑜𝑓  𝐴𝑃𝑁𝑉 . 𝐴 𝑓𝑖𝑛𝑖𝑡𝑒  subfamily of 

Pentapartitioned 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑜𝑝𝑒𝑛 cover {〈𝑥, 𝑇𝐴, 𝐶𝐴, 𝐺𝐴, 𝑈𝐴, 𝐹𝐴〉: 𝑖 ∈ 𝐽} of 𝐴𝑃𝑁𝑉, 

which is also a pentapartitioned  𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒  𝑐𝑜𝑣𝑒 r of 𝐴𝑃𝑁𝑉 , is called 

Pentapartitioned 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑢𝑏𝑐𝑜𝑣𝑒𝑟 of {〈𝑥, 𝑇𝐴, 𝐶𝐴, 𝐺𝐴, 𝑈𝐴, 𝐹𝐴〉: 𝑖 ∈ 𝐽}. 
ii) A 𝑃𝑁𝑉𝑆  in a  𝑃𝑁𝑉𝑇𝑆  (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉)  is called Pentapartitioned n 𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 

𝑣𝑎𝑔𝑢𝑒 compact iff every Pentapartitioned 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒 𝑐𝑜𝑣𝑒𝑟  𝐴𝑃𝑁𝑉  of has 

finite subcover. 

 

Corollary 4.6: 𝑒𝑡  (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) , (𝑌𝑃𝑁𝑉, 𝜎𝑃𝑁𝑉)  𝑏𝑒  𝑃𝑁𝑉𝑇𝑆𝑠  𝑎𝑛𝑑  𝑓: (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) → 
(𝑌𝑃𝑁𝑉, 𝜎𝑃𝑁𝑉)  a Pentapartitioned 𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒  continuous function. If  𝐴𝑃𝑁𝑉  is 

Pentapartitioned  𝑛𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐 𝑣𝑎𝑔𝑢𝑒  𝑐𝑜𝑚𝑝𝑎𝑐𝑡  in (𝑋𝑃𝑁𝑉, 𝜏𝑃𝑁𝑉) , then so if 𝑓(𝐴𝑃𝑁𝑉)  in 

(𝑌𝑃𝑁𝑉, 𝜎𝑃𝑁𝑉). 
 

V. CONCLUSION 
 

In this paper, we defined some new operations on Pentapartitioned  Neutrosophic Vague Set 

under neutrosophic environment. The basic algebraic operations on Pentapartitioned 

neutrosophic vague sets namely addition, multiplication, scalar multiplication and power also 

compact space along with illustrative examples were presented. Subsequently, the basic 

properties of these operations such as commutative law and relevant laws are mathematically 

proven. This new extension will broaden the fundamental knowledge of existing set theories 

and subsequently could be applied to real life experiments where truthness, indeterminacy 

and falsity could be dealth with. 
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