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I. INTRODUCTION

Many results on the estimation of error by single and product means in Lipchitz and Hélder
classes using trigonometric polynomial have been obtained by the researchers like [2]-[3] and

[71-[19].

The purpose of this work is to find best approximation by using trigonometric polynomial.
So, here we generalize the results of Nigam and Hadish [6]. We approximate the two

functions g € H™ (z>1) and g € H™ (z = 1) by UC®" method by F. S. and C. F. S.
respectively. Thus, the result of Nigam and Hadish [6] become the particular cases of our
Theorem 2.1.

Let U = (aq,,) be an infinite triangular matrix satisfying the condition of regularity [15], i.e.,

q
Zaq,fl as q - o,
p=0

ag, =0 forpq, (1.2)

q

Z lag»| <M, afinite constant.
p=0

The sequence-to-sequence transformation
U._ y4a Y9
L= 2p=0 YqpSp = Zp=0 Aq,q—pSq—p- (1.2)

defines the sequence tfl’of triangular matrix means of the sequence {s,} generated by the
sequence of coefficients (a, ).

Ift{ — sasq — oo, then the infinite series Y5, h, or the sequence {s,} is summable to s
by a triangular matrix [1].

Let

an _ ,com _ 1 p a—1pn
CP =l = B§+n z:h=0 Bp—hBh Sh-

If C;“'" — sasq — oo, then the infinite series Y., h, is summable to s by C{f'" means [1].
The UC* means (U-means of C*" means) is given by

Ucen . wq an
tq = Yp=0 4Gy

R o' _1 g a—1p7
- Zp:() aq,p BTN Zh:O Bp—hBh Sh-
p
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If t9C"" - sasq — oo, then X5y h, is summable to s by U.C*7 means.
The regularity of U and C*7 methods leads to the regularity of U.C*" method.
Remark 1: (Example) Consider the series

14+ Y74 (=D 2n, (1.3)

which is not (C, a,n) summable and if we take a,, , = ﬁ then the series (1.3) is also not

summable by U means. But (1.3) is summable by the U.C*" product means. That’s why the
product means are better than the individual means.

Remark 2: UC*" means changes to

1 Npan an i -1 .
1. (H,qﬂ)C or H.C%" means if a, ,, T DeE I

2. (N,6,)C*" or NgC*" means if a,, = 9‘;—_”, where P, = %7_, 6, # 0;
q

. O0g_pT
an @ m = ZazpTp — y4 :
3. (N,6,7)C*" or Ny .C eans if a,, = R, ,where Ry = X 0pTq—p;

4. (N,6,)C" or NgC®" if a,,, = .
q

Let L7[0,2r] = {g:[0,2m] —» R: f02" |g(x)|?dx oo, z > 1} be a space of functions. The
norm ||. ||, is defined by

1

1 2 7 z
LT lg@lFdx}, z=2 1.

As define in [1], w:[0,2r] — R is an arbitrary function with w(l) > 0 for 0 < [ < 2r and
lliror;rw(l) =w(0) = 0.

Now, we define
HW) = { g € 17[0,.27]: sup 1HD=900: oo 5 1}
10 40,

and
lg(+D—gOll;
119 = g™ = Jigll, + sup WerD9OL - > 4
i S0
w(l)

[0

Note 1: w(l) and v (1) denotes Zygmund moduli of Continuity [1]. If we consider as +ive

and non-decreasing,
w(2m)

"v(2m)

gl < max (1,2 ) gl < eo

Thus,
H* cHY c 17, z>1.
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Remark 3

1. Ifw() =1%in H®), then HW) = H, class.
2. Ifw(l) = 1% in H™, then H*) = H, , class.
3. Ifz » win H™, then H™ = H® class and H,, = H, class.

Remark 4: The gt* partial sum of F. S. and C. F. S. is denoted as

sin (.q —:%)l dl
sin>

5030 = 9() = [ 6. (D)

and

5,50 — g = = [T wx(l)“’s( g

respectively, where

G = —— [ W (DcotdL.

The error function g is given by
Ey(9) = minlg — ¢4,

where t, is a trigonometric polynomial of degree g [1].

We write
¢:(D) =p(x, ) =gx+D+gx—1)—-29x),
(D=9, D) =gx+D—-gkx-1D,
Apm =Pm — Pms1, m 20,
Hy () = 5 550 g gror Somo BB M
and ’ 2

1

a—1 n“’s( 1)1
H()—— aq,[,BM,7 o B&B] .

sin=
2

Il. MAIN THEOREMS

Theorem

If g € H(W) class; z > 1 and W(l)) are positive and non-decreasing, then the error estimation of

g by UC*™ means of F.S. is
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_ 1w
=0 <q+1 fL 1Zv(1) dl)

where U = (a,,) and w, v are defined as in Note 1 provided

Z;é |Aaq,p| =0
Theorem

IfgeH( ) class; z > 1 and 22
g by UC®" means of C.F.S.

e -

IS

(1
q+

) and (q+1a,, = 0(1).

(2.1)

) ) are positive and non-decreasing, then the error estimation of

gniv) -0 (log(q—i—l)—i—lf

w(l)
dl)
¢+l g o)

where U = (a,,) and w, v are defined as in Note 1.

I11. LEMMAS

Lemma: Under the condition (1.1), H,(Il) = 0(qg+ 1) for0 < I < qﬁ

Proof: Using sin (é) = é sin(ql) < ql.

.2, o

/A
_X_

H,() =

|H, (DI =

_ 1llyv¢
T |ZP=0

AN

21

1
4

IA

1
4

1
= 1[Z3=0 a

Copyright © 2024 Authors

1
2m

q

p=0

q
p=

=0

l

a T
=0 B a+n
p q,p By

1 17 1
b0 BY=;B] sm(v+5)l|

_L yp a—1pNq; l
Aq,p e Y=o By=y B,sin(2v + 1) >
p

1
aq,p Ba+17 Z
p
q
Zp =0 Agp B‘”"

aq, p(ZP + 1) = a+n

qp(2p+1)| { Py 0 Bp- ~B) =B

l
o BIZrB] (2v + 1)E|
o B&= B (2v + 1)|

Ba 1Bn

>
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1
= Z(Zp + 1) ZZZO |aq,p|
= 0(2q+1).
Lemma

Under the condition (1.1) and (2.1), H, (1) = o(m) forq% <l<m

Proof: Using sm( ) > —and sin?(ql) < 1, we have

_ 1y 1 a1 S0 (v3)!
H,(D) = 27 Lp=0 aq.p33+nz 0o By=v By sin.

1 T
|H.(D| < o X7

q 1 gp a—1pM; 1
p=0 Agp P Y=o By=y By, sin (v + 2) l|

_ 1llya L_yp_ pa-ipn | p (v
= aq,pB;Hn v=0 Dp—v Dy 1M1 2y= €

21 p=0
= |80y {0, UMY (e 30, BB = B
= % Im{ezz Lvl}

1

1 elp+1)l
Z—ZZPanplme 1—et )

elt+I_ 1
p IM{——
ZLsm

= LxT|ye in2 L
= 2% |ZP=0 AqpSin”(p + 1)2|

21

q

: ! : !
< 212 Z Aaqu 51n2(v+1)§ +ag, Z 51n2(p+1)§

p=0

IA

Yl [Z 0 18ag, |+ aqq]

=0 ((q+11)12)'
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Lemma

Under the condition (1.1), H, () = 0 G) foro < I < —.

GENERALIZED HOLDER CLASS

1
q+1

Proof: Using sin (é) > %and |cos(ql)| < 1, we get

1
~ 1 1 cos(v+—)l
H(( = — Q_ a P_ Ba_—lBTI 2
q() anp—o q,p Bgﬂl ZV—O p—v*~=v Sini
H O] < —xZ{%_ a,,—=Y"_, B 1B cos (v + )1
q - =0 “*q,p pa+tn v=0 “p—-v~v
2T l Bp 2
1 va 1 yop a—1pN 1
< ZZFO aq,pBa—JrnZU:O By, B, |cos v+ l
p
1
S —

Lemma

Under the condition (1.1) and (2.1), Hq Hh=0 (;) for— < | <

1

21 “p=0

1 §» a—1p7
aq,p Ba+n 21]:0 Bp—v Bv
p

= .. yP a-1pn — potn
21 “~p=0 Agp { v=0 Bp—va - Bp }

(g+1)12 q+1

Proof: Using sin (é) > %and |singl| < 1, we have

~ 1
A,O1 < 5x]

INA

<

T

<

q
2[):0 aq,p Ba+n
p

ZZ:O gy B;,"L*”ZLO (Bg‘_‘l}B;’ cos (v + %) l)|

p a-1pN yp 1
v=0 Bp—5 By, - 2.5, COS (v + 2) l|

3y gy Xy cos (0 + D)1 oo BB = B

q
p

=0 Qqp {

L1 .1 3l 1 @2p+)l
251n2cosz+251nzcosz+ 251n2cos 7 }

1
251n5

4”7 |20 agpsin(p + D

T

42

-1 . .
< |ZZ=0 (Aqp — Agp+1) Xoo SIN(w + DI+ a,, ZZ:O sin(p + 1)!|

[(Zg;é |Aag,| + aq,q) Zz=o 1]
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IA

2 [(ZZ Do 18ag | +ag4) @+ D)
- 200 () +o )
= 0(z)

Lemma

([20], p. 93) Let g € H™, thenfor 0 < | < m:

L ll¢C DIl = ow®); -
2. 19C +,0 = #C.DI = [ty
3. If w(l) and v(l) are defined as in Note 1, then

IoC4n0 =900l = o (D))

Lemma
Let g € H™ thenfor 0 < | < m:

LGOI =00y
2. 1 432D = 9GOl = {ormy

3. Ifw(l) and v(I) are defined as in Note 1, then

D= peDl = o (22))

IVV. PROOF OF THE MAIN THEOREMS

Proof of the Theorem 2.1: Using Titchmarsh [5] we have
$q(g;x) —g(x) = f ¢ (D)

sin (q+ )l

Now, denoting U. C*" transform of s, (g; x) by tf{-c"’”,
a 1
()~ 900 = By gy (5w Zho BB G5u(5 ) — 9()
14

1
l
= f ¢x(l) qua1+r] Ba 1andl

sin -
2

= fo Oy (l)Hq (DHdl. (4.1)

Let
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Ry (x) =t (x) — g(x) = [ $px(DH, (Dl (4.2)

Then
Ry(x +¥) —Ry(x) = [ (@(x+y,1) — p(x,D)H, (Ddl.

Using generalized Minkowski’s inequality, Chui [4], we get

IRy G+ =R, ON < [T 1$C +y,1) = dC. DIl Hy (Dl

= (f(f?Jrf%)II(b(- +y,0) = ¢, DIl Hg (Dl

= VD +y®, (4.3)

Using Lemmas 3.1 and serial number (3) of Lemma 3.5

1
v® = 0(2q+1) <v(|y|) [ Mdl)

v(l)
W)
= 0\v(lyD | (4.4)
q+1
Also, using Lemmas 3.2 and serial number (3) of Lemma 3.5, we get
@ — oL (" w(b) )

By (4.3), (4.4), and (4.5), we have

[Rq G+ =R, O W) 1 o ow
=0\ |+0 (— dl). 4.6
ot v(ly D) () +tO\Ta fqil 1Zu() (4.6)

Again applying Minkowski’s inequality, Lemma 3.1, Lemma 3.2, and ||¢ (-, )|, = O(w(])),
we get

1RO, = [leg™" =gl

V4

< (574 1L ) Ioc Dl 0

1
_ T L w
-0 ((Zq [ w(l)dl) 40 (q+1 [ dz)

q+1

-0 <w (ql?)) +0 (q—il M %dz). 4.7)

q+1
Now, we have
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IR 43)~Rq (|,

v(lyD (48)
Putting the values of (4.6) and (4.7) in (4.8), we get
v 1 1 omow()
IR0l = 0(w() + o (L2, )
+0 (q}rl) + 0( ! fnl W) dl) (4.9)
(m) q+1°57 Pv(D )
By the monotonicity of v(1), w(l) = v(l) W((l)) < v(m) W((ll)) for0 < I < m, we get
71 1 wd)
IR, OI” = 0( <q+1)> +0 (qﬂf 20 ar). (4.10)
Since W(()) is +ive and non-decreasing, therefore
1 7r w(l)dl > W(;?)(L)fn 1dl
q+1 mlzv(l) = V(q%) q+1 mzz
_ )
= T \*
v(75)
Then
Wﬁ):o( [0 2 dl) (4.11)
”(q%) q+177 o) )’ '
From (4.10), (4.11), we get
T w(l)
”R ()” (q+1 f_ lzv(l) dl)
Uu.cen _ v _ L A W(l)
”tq g”Z =0 (CI+1 f# lzv(l) dl) (412)

Proof of Theorem 2.2: The s, (g; x) of C.F.S. is given by

cos (q+ )l

$q(g; %) — g(X)——f (D ——7—

Now, denoting U. C®" transform of s, (g; x) by £Y-¢*", we get

2
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q p
o i 1 . o
B () —gx) = Z Qq,p (Ba—+nz B~y B, (s,(d; x) —g(x))>

p=0 p v=0

r 1 1 cos
= fo l/)x(l) [EZZZO agp Ba_'H?Z BOC 1B77 Ml dl
14

sin >
2

Jy ¥ (DA, Dl

Let
Ry(0) = 8" (1) = §(x) = [; ¥ (DH, (Dl

Then
Ry(x+y) = Ry(x) = [ @u(x +y,D) =, (x, D)H, (Dal.

Using generalized Minkowski’s inequality Chui [4], we get

IR, G +3) = R, Ol o e G+, D) = 9. G DL H (Dl

= (I(;F+fq%>”¢(_ +y,0) = (, DIl Hy (Dl

= ](1) _|_](2)_ (413)

Using Lemma 3.3 and serial number (3) of Lemma 3.6,

](1) — <U(| D q+1 fq+11dl>

q

= (v(lyl) "“ log(q + 1)) (4.14)
V()
Also, using Lemma 3.4 and serial number (3) of Lemma 3.6,
J® = o[ vllyn ) (415
ey (D)

By (4.13), (4.14), and (4.15), we have

» I1Rq CAn—Re O, _ 0 <m>
40 v(lyl

0g(q + 1)) +0 (f Ol dl). (4.16)

251
q+1 q+1 v
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Again applying Minkowski’s inequality, Lemma 3.3, Lemma 3.4, and [[Y (-, D]|, = O(w(])),
we get

IR, Oll, = llzg ™" - 4ll,

< <f0_ il )nw( DI, A, (Ol

- (f“l W(”dz>+0(f” W(Zl)dl>

q+1
= 0 log(q + 1 +0( W(”dl) 417
(w ( -)log(q + 1)) fqil (4.17)
Now,
®) ~ IR, CAy) =R Ol
1RO, = IR Ol + sup =755 (4.18)
Putting the values of (4.16) and (4.17) in (4.18), we get
RO = log(q + 1 +0(” WU)dl)
12Ol = o(w(3)losta + 1) [
+ 0 (Q“ log(q +1) | +0 (f wd dl).
V() =1 2y
IR, Ol =0 < q+1 Slog(q + 1)) +0 (f z?(éb dl) (4.19)
q+1

Using the fact that ) s +ive and non- decreasing,

1
7 w() W(?) T 1
Lozmpd = ) N
w(z)

W)

=

Then

W(q%)zo(f” Oar). (420

o - O ma

From (4.19), (4.20), we get
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IR, Ol = O(IOg(q+ 1)f d0 dl) +0(f" w®) dz)

o 2o = 2v()

[lEye — gl = 0 (Gogla + 1) + 1) [ s at). (4.21)

V. COROLLARIES
Several known and previous results can be derived from the main results as:
Corollary

let0<p<{<1landg € Hyy,;z= 1. Then

e gl = {OI0ORG+ DG oSs1 gy
d )z 0[(log(q + De)(log(q + Dm)] if p=10,{=1. '

Proof: Puttingw(l) =I5, v(1) = I*,0 < p < { < 1in(4.21)

&< = gll,,,, = o[logta + e [L 17+-2alf

(p)z 7+

9, ((log(q +De) [i lf—P—Zdl> if0<pl<1,

9, ((log(q +De) [1 l—ldl> if p=0,{ =1.

q+1

By solving it, we easily get the result in condition (5.1).

Corollary

X =

Let 0<p< (<1, abeR and suppose w(l) = 1 1)
OgT

0<l<m gEe

~~

e

H™, z > 1. Then

log(q+1)e(q+1) . _ _ ~
”fu.caﬂ? _ ~”(”) _ “{log (q+1)}pa if{=pand a—b = —1,
’ 0[% if({=pand a—b =—1.

Proof: We have

~17 Qs ~1| X4
”té}.C ! —g” = 0 10g(q+1)€f1 ﬁdl
z q+1 lz(log ) —
(105 7)
b—a
= 0 [log(q + e [1 167P2 (log )

r+1

dl]
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log (g+1De(q+1) o B B
o {log(q+1)}b—a] if{=pand a—b=-1,

log (g+1)e(q+1) . _ A
0[ {log (¢+1)} ] f¢=panda-b=

Corollary

1
(q—p+Dlog (q+1) )
g€ HZ(W) is approximated by (H, q?)C”"77 means of F. S. as

Ifa,, = , then U. C*" means reduces to (H, q%)(:“'" means and the function

a, ) !
e —gll,” = 0 (77 L5 )

Corollary

If ag, =6;—_p, then U.C®" means reduces to Np.C®" and the function g € H(" is
q

approximated by Ny.C*" means of F. S. as

Ng.con 1@ _ ( 1 o w() )
IC 9, =o\FmlL mad
Corollary
If a,, eqR”T” then U.C*" means reduces to Ny ,.C*" and the function g € H(W) i
q

apprOX|mated by Ng ..C*" means of F. S. as

Ng.con 1@ _ (1 T w(l) )
”tq g]l, =0 q+1fq% lzv(l)dl

Corollary

By using the conditions as in Corollary 5.3, the function § € HZ(W) is approximated by
(H, q—il)C""77 means of C. F. S. as

o w )
[ n_ g|| ((log(q +1)+ 1)f ZZV(Z) dl)

Corollary

Z :
If a,, = ‘;’”, then U.C*" means reduces to Ny.C*" and the function G EH( ") s
q

approximated by Ngy.C*" means of C. F. S. as

[ - g”j;) 0 ((log(q D+ 1” l‘:(él)) dl)
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Corollary

If ag, = eq}_?_pr,,' then U.C™" means reduces to Ny,.C%" and the function g € H™" is
q

approximated by Ny ,.C*" means of C. F. S. as

~Ng ;.C%TN ~
||tq 6,t _g

@) T w()
=0((og(g+1)+1) [ zzv(z)dl :
z q

+1

Remark 5

1. If z - oo then H™ reduces to H®) class. Also taking w(l) = I and  v(l) = I in
H®™) class, it reduces to H, class; then by taking p = 0 in H; class, it reduces to Lip{
class.

2. By taking w(l) = I¢ and v(I) = I” in Result 2.1, H™ class reduces to H; ,; then, by
taking p = 0 in H, , class, it reduces to Lip(¢, z) class.

VI. PARTICULAR CASES

1. Byputtingn = 0and a = 1 in the Theorem 2.1 and Theorem 2.2, our results reduces to
the result of Nigam and Hadish [6].

2. Byusing Remark 5(1), n = 0, and a = 1, in the main Theorem 2.1, our results
reduces to the result of Dhakal [2].

3. By using Remark 5(2) and takingn = 0, a = 1, a,.,,, = pr‘Rﬂ, where

R, =7 _0 Pmr—m In the main Theorem 2.1, our results reduces to the result of
Kushwaha and Dhakal [8].

4. By using Remark 5(1) and takingn = 0, @ = 1, a,., = p'"‘Rﬂ, where

R, =10 Pm%r_m in the main Theorem 2.1, our results reduces to the result of
Dhakal [3].

VII. CONCLUSION

The approximation theory is a field of great practical significance. Analysis of periodic
functions are important because of its applications in the engineering fields like digital
communication, digital signal processing, mechanical engineering etc. These functions are
derived using a polynomial approximation function and a Fourier truncated series. The
closest estimate can be carried out using either a Fourier approximation or a polynomial
approximation. The polynomial approximation of the function is done using Taylor series
expansion, and the quality of the approximation is dependent on the number of terms utilized.
Naturally, a function must be infinite times differentiable in some interval in order to have a
Taylor series, which is a fairly strict requirement. Nevertheless, sines and cosines functions
are used in Fourier approximation and act as far more adaptable components than powers of
any variable. Sines and cosines are useful in approximating non-analytical functions as well
as wildly discontinuous ones. Due to their numerous uses, Fourier approximation has taken
on significant new dimensions in signal analysis.
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The result focuses on approximation of functions g and g belongings to generalized HZ(W),
z > 1 Holder class using Matrix-C*" (U.C*") methods of F. S. and C.F.S. respectively. As
we know that product summability methods are better than the individual methods. So, here
we introduce the product method (U.C®"), which is better than the individual Matrix-U
method and C*”7 method. In summary, the aim of all these measures is to minimize
approximation errors and improve accuracy. The more the authors reduce the error, the
stronger the results will be. The concept of product summarizability is very useful. Moreover,
some previous known results become the particular cases of our Result 2.1. Also, some useful
results on robot control and fractional operator are given as [21]-[26].
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