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                                                                   : 

            In order to solve uncertainty in decision making problems, some theories like 

                 [10] by Lofti A.       (1965),                                 [10] by 

Atanassov (1986), vague set theory [2] by Gau & Beuhrer (1993) were developed. 

In fuzzy set theory,                                                            that 

fix        called membership degrees                                      

    range     . As an extension, in                                , non – membership 

degree is also taken into account. Later, to solve the problems involving incomplete, 

              and                                       developed a new theory 

called                         [7] as it includes new membership called 

                        .              ,               a             

                                                     by which includes four 
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membership functions namely                 ,                         , 

                    , unknown membership                                 

   In 2010 Wang et al., [9] developed                                       and he 

defined some basic operations like subset, equality, complement, union and intersection on 

    . Meanwhile Liu and Wang [2] introduced relations such as                           

                                                   

Many extensions of                  were developed and areas like used in decision 

making, aggregation operators, image processing etc.,[5].  

Following these developments, we present some algebraic operations for 

                                        and defined some algebraic operations on 

      with examples. 

 

                

                                       .                       on 𝑋 can be 

        as follows:  

                                         = {〈 ,𝑇 ( ),  ( ),𝐹 ( )〉:  ∈ 𝑋} 

                              𝑇   𝐹  𝑋                 𝑇           𝐹          

Here  𝑇                                 , ( )                                and 

𝐹( )                                  

𝐹                                                                                  

                                                         

                                                                     

            

       𝑇     𝐹   and    𝑇     𝐹   be two     ,                     

               follows: 

a)  ⨁   𝑇  𝑇  𝑇 𝑇       𝐹 𝐹   

b)  ⨂   𝑇 𝑇             𝐹  𝐹  𝐹 𝐹   

c)    ((     𝑇  
 )   

  𝐹 
 ) 

d)    (𝑇 
  (        

 ) (     𝐹  
 )) 



 

Definition 2.2 [8]: A                                   on 𝑋 written as  

   = {〈  𝑇̂      ̂     𝐹̂    〉  ∈ 𝑋   ,                                      

                                                          

                           𝑇̂      𝑇  𝑇        ̂                𝐹̂    = 𝐹  𝐹    

           𝑇     𝐹        𝐹 = 1−𝑇 and (3) 0   𝑇     𝐹     when 𝑋 is 

                                       

                                     = ∫〈  𝑇̂      ̂     𝐹̂    〉     ∈ 𝑋 

     𝑋                                        

                                  ∑ 〈  𝑇̂      ̂     𝐹̂    〉      ∈ 𝑋 
    

Definition 2.3 [6]: A                                              on the universe 

of discourse written as  

                    {〈   𝑇̂    
     ̂    

      ̂    
     ̂    

    𝐹̂    
   〉  ∈ 𝑋}  

                                                                              

                                                        

𝑇̂    
      𝑇  𝑇        ̂    

                  ̂    
                

   ̂    
                 𝐹̂    

      𝐹  𝐹        

          𝑇     𝐹   (2   𝐹     𝑇  (3)   = 1−    (4)    = 1−    

 (5) 0   𝑇           𝐹     

Definition 2.4 [6]:                                              . If   ∈    

𝑇̂    
    𝑇̂    

      ̂    
     ̂    

     

  ̂    
     ̂    

      ̂    
     ̂    

     𝐹̂    
    𝐹̂    

     then the      

     is included by     , denoted by            



Definition 2.5 [6]: The complement of           is denoted by     
  n  i     in   

      𝑇̂    

        𝑇    𝑇      ̂    

                   ̂    

     

               ̂    

                  𝐹̂    

        𝐹    𝐹  . 

Definition 2.6 [6]:  Let      be  a                                      where    ∈ 

 ,   𝑇̂    
              ̂    

             

  ̂    
          ,     ̂    

             𝐹̂    
         . Then       is             

     (    in       .    

Definition 2.7  [6]: Let     be a                                     where    ∈  ,   

𝑇̂    
              ̂    

              ̂    ̇
          ,    

 ̂    
             𝐹̂    

          

𝑇                                              

Definition 2.8 [6]:                                                     If     ∈  ,  

𝑇̂    
    𝑇̂    

   ;  ̂    
     ̂    

       ̂    
     ̂    

      ̂    
    

 ̂    
     𝐹̂    

    𝐹̂    
       then the             and       are equal. 

Definition 2.9 [6]: 𝑇                  two       and      is a            

                       ⋃     whose                 ,               

                                                             

                                                               

𝑇̂    
    [   (𝑇̂    

  𝑇̂    

 )    (𝑇̂    

  𝑇̂    

 )] 

 ̂    
    [   ( ̂    

   ̂    

 )    ( ̂    

   ̂    

 )] 

 ̂    
    [   ( ̂    

   ̂    

 )    ( ̂    

   ̂    

 )] 

 ̂    
    [   ( ̂    

   ̂    

 )    ( ̂    

       

 )] 

𝐹̂    
    [   (𝐹̂    

  𝐹̂    

 )    (𝐹̂    

  𝐹    

 )] 

Definition 2.10 [6]:  𝑇                of two               and      is a           , 

written as               ̇ ⋂      whose                 ,               



          ,                                                   

                                                               

𝑇̂    
    [   (𝑇̂    

  𝑇̂    

 )    (𝑇̂    

  𝑇̂    

 )] 

 ̂    
    [   ( ̂    

   ̂    

 )    ( ̂    

   ̂    

 )] 

 ̂    
    *   ( ̂    

   ̂    

 )    ( ̂    

   ̂    ̇

 )+ 

 ̂    
    [   ( ̂    

   ̂    

 )    ( ̂    

       

 )] 

𝐹̂    
    *   (𝐹̂    

  𝐹̂    

 )    (𝐹̂    

  𝐹    ̇

 )+ 

Definition 2.11 [6]: Let {     
  ∈  } be an arbitrary family of       . Then  

⋃     

 {〈
  (   

 ∈ 
(𝑇̂     ̇

 )     
 ∈ 

(𝑇̂     

 ))  (   
 ∈ 

( ̂     

 )     
 ∈ 

( ̂     

 ))  (   
 ∈ 

( ̂     

 )     
 ∈ 

( ̂    

 ))

(   
 ∈ 

( ̂     

 )     
 ∈ 

( ̂     

 ))  (   
 ∈ 

(𝐹̂     

 )     
 ∈ 

(𝐹̂     

 ))
〉   

∈ 𝑋 } 

 

⋂     

 {〈
  (   

 ∈ 
(𝑇̂     

 )     
 ∈ 

(𝑇̂     

 ))  (   
 ∈ 

( ̂     

 )     
 ∈ 

( ̂     

 ))  (   
 ∈ 

( ̂     

 )     
 ∈ 

( ̂     

 ))

(   
 ∈ 

( ̂     

 )     
 ∈ 

( ̂     

 ))  (   
 ∈ 

(𝐹̂     

 )     
 ∈ 

(𝐹̂     

 ))
〉   

∈ 𝑋} 

 

                                                           

   

𝑇                                                                                     



𝑇                                                                                       

                  

 

Definition 3.1: 

Let 

     

,〈
   [𝑇̂ 

    
    𝑇̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ]  

[ ̂ 
    

     ̂ 
    

   ] [𝐹̂ 
    

    𝐹̂ 
    

   ]
〉   ∈ 𝑋- 

 

      

,〈
   [𝑇̂ 

    
    𝑇̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ]  

[ ̂ 
    

     ̂ 
    

   ] [𝐹̂ 
    

    𝐹̂ 
    

   ]
〉   ∈ 𝑋-  

be two        Then the addition of       and       denoted as          defined by  

        

 

{
 
 

 
 

〈

  [𝑇̂ 
    

    𝑇̂ 
    

    𝑇̂ 
    

   𝑇̂ 
    

    𝑇̂ 
    

    𝑇̂ 
    

    𝑇̂ 
    

   𝑇̂ 
    

   ]  

 [ ̂ 
    

     ̂ 
    

     ̂ 
    

    ̂ 
    

     ̂ 
    

     ̂ 
    

     ̂ 
    

    ̂ 
    

   ] 

[ ̂ 
    

    ̂ 
    

     ̂ 
    

    ̂ 
    

   ] [ ̂ 
    

    ̂ 
    

     ̂ 
    

    ̂ 
    

   ] 

[𝐹̂ 
    

   𝐹̂ 
    

    𝐹̂ 
    

   𝐹̂ 
    

   ]

〉

}
 
 

 
 

 

Example 3.2: 

Let   {                                  

     {

 

{                                                        
 

 

{                                                        

}, 

     {

 

{                                                         
 

 

{                                                        

} 

Then          



 {

 

{                                                                     
 

 

{                                                                    

} 

which is again a       

 

Definition 3.3: 

Let 

     

,〈
   [𝑇̂ 

    
    𝑇̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ]  

[ ̂ 
    

     ̂ 
    

   ] [𝐹̂ 
    

    𝐹̂ 
    

   ]
〉   ∈ 𝑋- 

 

      

,〈
   [𝑇̂ 

    
    𝑇̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ]  

[ ̂ 
    

     ̂ 
    

   ] [𝐹̂ 
    

    𝐹̂ 
    

   ]
〉   ∈ 𝑋-  

              𝑇                          and       denoted as   ⨂      

            

  ⨂     

 

{
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   ] [ ̂ 
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Example 3.4: 

Let   {                                   
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{                                                           
 

 

{                                                          
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Then   ⨂      
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{                                                                           
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Definition 3.5: 

Let 

     

,〈
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    𝑇̂ 
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[ ̂ 
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    𝐹̂ 
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be a       𝑇                                                                       
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〈

  [  (  𝑇̂ 
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   )
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[  (   ̂ 
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   (   ̂ 

    
   )

 
]  

[( ̂ 
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 ( ̂ 

    
   )

 
]  

[( ̂ 
    

   )
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]  
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 (𝐹̂
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〉   ∈ 𝑋

}
 
 
 
 
 

 
 
 
 
 

 

 

Example 3.6: 

Let   {                               

    

 {
 

{                                                  
 

 

{                                                  
} 

be a       and if      then 
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Definition 3.7: 

Let 

     

,〈
   [𝑇̂ 

    
    𝑇̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ] [ ̂ 

    
     ̂ 

    
   ]  

[ ̂ 
    

     ̂ 
    

   ] [𝐹̂ 
    

    𝐹̂ 
    

   ]
〉   ∈ 𝑋-  

be a        

Then,      power denoted by     
 
 is defined by  
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  [(𝑇̂
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Example 3.8: 

      {                               
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{                                                  
 

 

{                                                  
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           and if      then 
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{                                                            
 

 

{                                                            
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Theorem 3.9:  

                                   and             𝑇     

i)                   

ii)                   

iii)                       

iv)                           

v)     
       

       
      

vi)     
       

          
 
 

Proof:  

𝑇                                                                         

                

                      

         

 

{
 
 

 
 

〈

  [𝑇̂
 

    
    𝑇̂

 

    
    𝑇̂

 

    
   𝑇̂

 

    
    𝑇̂

 

    
    𝑇̂

 

    
    𝑇̂

 

    
   𝑇̂

 

    
   ]  

 [ ̂
 

    
     ̂

 
    

     ̂
 

    
    ̂

 
    

     ̂
 

    
     ̂

 
    

     ̂
 

    
    ̂

 
    

   ] 

[ ̂
 

    
    ̂

 
    

     ̂
 

    
    ̂

 
    

   ] [ ̂
 

    
    ̂

 

    
     ̂

 

    
    ̂

 

    
   ] 

[𝐹̂
 

    
   𝐹̂

 

    
    𝐹̂

 

    
   𝐹̂

 

    
   ]

〉

}
 
 

 
 

 

 

 

 



          

 

{
 
 
 
 
 

 
 
 
 
 

〈

  *  (  (𝑇̂ 
    

    𝑇̂ 
    

    𝑇̂ 
    

   𝑇̂ 
    

   ))
 

   (  (𝑇̂ 
    

    𝑇̂ 
    

    𝑇̂ 
    

   𝑇̂ 
    

   ))
 

+  

*  (  ( ̂ 
    

     ̂ 
    

     ̂ 
    

    ̂ 
    

   ))
 

   (  ( ̂ 
    

     ̂ 
    

     ̂ 
    

    ̂ 
    

   ))
 

+  

[( ̂    

     ̂    

    )
 
 ( ̂    

     ̂    

    )
 
]  

[( ̂    

     ̂    

    )
 
 ( ̂    

     ̂    

    )
 
]  

[(𝐹̂    

    𝐹̂    

    )
 
 (𝐹̂    

    𝐹̂    

    )
 
]

〉            

∈ 𝑋

}
 
 
 
 
 

 
 
 
 
 

 

                                    

   (  (𝑇̂ 
    

    𝑇̂ 
    

    𝑇̂ 
    

   𝑇̂ 
    

   ))
 

 

   (  𝑇̂    

      𝑇̂    

     𝑇̂    

    𝑇̂    

    )
 

 

   ((  𝑇̂    

    )  𝑇̂    

    (  𝑇̂    

    ))
 

 

    ((  𝑇̂    

    ) (  𝑇̂    

    ))
 

 

By similar calculation, we get 
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Now  
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Consider the truth membership function 
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In the similar manner, we have 
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From (1) and (2), we have     ⨁            ⨁      

Proof of (v):  

  𝑇                                           

 

                                                    

Definition 4.1: 

     𝑋                 𝑇 .  

i)             {〈  𝑇           𝐹 〉  ∈    of        in 𝑋               

          ⋃  {〈  𝑇           𝐹 〉  ∈         ,            

                                                          𝑋   A finite 

subfamily of                                                

{〈  𝑇           𝐹 〉  ∈    of  𝑋,               a                   

                             𝑋                            

                                   of {〈  𝑇           𝐹 〉  ∈   . 

ii)          {〈  𝑇           𝐹 〉  ∈    of           𝑋 

                                                                   

{〈  𝑇           𝐹 〉            of the                      

           ⋂ {〈  𝑇  
    

    
    

 𝐹  
〉}   

       . 

Definition 4.2: A     𝑇   𝑋          is                               

              iff every                                   e            of  𝑋 has a 

                                                      

Corollary 4.3: A    𝑇   𝑋          is                                     

        iff every family {〈  𝑇           𝐹 〉  ∈     of         in 𝑋            𝐹   

                           

Corollary 4.4:       𝑋         ,                   𝑇          𝑋           

            a                                                          . If 

 𝑋          is                                            , then so is              

Definition 4.5: Let  𝑋          be    𝑇  and       a       in  𝑋. 



i) If a family {〈  𝑇           𝐹 〉  ∈    of        in 𝑋               

                 ⋃{〈〈  𝑇           𝐹 〉  ∈  〉 ,                   

                                                      .          

subfamily of Pentapartitioned                         cover 

{〈  𝑇           𝐹 〉  ∈    of     , which is also a pentapartitioned  

                        r of     , is called Pentapartitioned 

                                   of {〈  𝑇           𝐹 〉  ∈   . 

ii) A      in a     𝑇   𝑋          is called Pentapartitioned n            

      compact iff every Pentapartitioned                               of 

has finite subcover. 

Corollary 4.6:       𝑋         ,                   𝑇          𝑋           

            a Pentapartitioned                    continuous function. If       is 

Pentapartitioned                            in  𝑋         , then so if         in 

             

 

Conclusion 

                                                                                         

                               𝑇                                                  

                                                                                             

                                                                                       

                                                                                            

        𝑇                                                                                   
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