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ABSTRACT- We studied on “degree of approximation of function belonging to Holder metric by (C, 2) (E,
1) mean” has been discussed by Rathore, Shrivastava and Mishra. Since (E, 1) includes (E, g¢) method, so for
obtaining more generalized result we replace (E, ¢) by (E, I) mean. The Euler mean (E, 1) contains the
summability method of generalized Borel, Euler, Taylor etc. In this chapter we obtain on “approximation of
function f € H,, class by (C, 2)(E, 1) means of conjugate series of Fourier series” has been proved.
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INTRODUCTION

In this direction we studied on approximation of f belong to many classes also Holder metric by
Cesdro mean, Norlund mean, Euler mean has been discussed by several investigator like respectively Alexits
[2], Khan [6], Chandra [3], Mohapatra and Chandra [11], Das, Ghosh and Ray[4], etc. Further in this field
several researchers like Lal and Kushwaha [8], Lal and Singh [9], Rathore and Shrivastava [14], Nigam [12],
Albayrak, Koklu and Bayramov [1], Rathore, Shrivastava and Mishra ([15], [16],), Kushwaha [7], Singh and
Mabhajan [18], Mishra and Khatri [10] etc. Recently Rathore, Shrivastava and Mishra [17] have been
determined. We extend the result on “approximation of function f € H,, class by (C, 2)(E, 1) mean of conjugate
series of Fourier series, has been proved.

DEFINITION AND NOTATIONS

Let f'(x) be periodic and integrable in the sense of Lebesgue on [-7, t]. Then f(x) is defined by
fx) = % + Yh=1(aycosnx + bysinnx) = Y7o Ay (x) (2.1)
The conjugate series of (2.1) is

Yor_i(bpcosnx — aysinnx) = Y2_, B, (x) 2.2)
with n® partial sum S, (; x)
Let w(t) and w*(t) denote two given moduli of continuity such that

w(®)a =0w™ (1)) as t= 0 for 0< < a < 1

If C,, denote the Banach spaces of all 2 m —periodic continuous function under “sup’’ norm for
0<a< 1 and constant K the function Hy is

Hy = {fe Cor: [f)-f(y)| = K W [x-y]}. (2.3)

with the norm |l Il,,~ defined by

Ifll, = Ifl. + Sup A¥" [f(x,y)], (2.4)
where 7
Ifl.= Sup [f(x). (2.5)
and —M<X<T
A fi= Bl (x# ). (2:6)



the convention that A° f(x, y)=0. If there exit positive constant B and K such that w |x-y| < B |[x — y|*
and w*x-y| < K |x — y|# then

Hy = {fe Cor: f(X)-f(y)] < K|x-y|% 0<a< 1}. (see Prossdorf’s[13]) 2.7

the metric induced (2.5) by the norm I.l, on the H, is called the Hélder metric. If can be seen that
Iflg< 2m)*P Ifl, for 0<B<o<1.Thus {(H,, I.l,)} is a family of Banach spaces which decreases as o
increase.

The Yoo Uy, is said to be (C, 2) summable to S. If the (C, 2) transform of S, is defined as(see Hardy [5])

(C.2) 2 —
t,(l )(fZX) :m 7{1:0(71 —k+ 1) Sk =S5 asn—ow (28)

The t,(lE’l) (f:x) denotes the transform of (E,1) is defined as
tr(lEll) (fix) = zi" z=o(2)’5\k’ - S, as n—w
and

C2)(E1 2
EPED(f1x0) =

nein Sk —k + D ESG(5) Sy - 5 asn—oo (2.9)

The conjugate function f(x) is defined by
fx) =- %fon @(t) cot%dt
. 1 t
=lim (— Zf;T(p(t) cotEdt) (2.10)

“The degree of approximation En(f) be
E,(f) =min||T, — fll, . (2.11)
T,(x) denotes a polynomial of degree n” by ( see Zygmund[20]).
We shall use following notation
D ()= fxty)+ fix-1) -2ftx) (2.12)

PO =D(t)-Py(1). (2.13)

and

Known Theorem.

Theorem 1 (see [18]). Let w(t) defined in (2.3) be such that

S8 du =0 (H(), H(D) 2 0, G.1)
Jy Hwdu = O(t H(t), as t— 0* (3.2)
then, for0<B< a <landfeH,,
we have
clpl 1 T l_ﬁ/“
166" (- f9 e =0 | (0 + D7 () (33)
MAIN THEOREM

“On approximation of function f € H,, class by (C, 2)(E, ) mean of conjugate of Fourier series” has been
established.

Theorem: “If f € H,, and 0<f<a<I then

11 eSSPEDF; 20 = FOOl e
= O{W("“—y')s/“ (og(n + )P/« [+ 1)~ H (L)]I_B/a } 4.1)

w*(|x-=y|) n+1



where t,(lc'm'l) is the (C, 2)(E, 1) mean of S, (f; x) .

Lemmas: We require lemmas

(n—k+1) cos|v+
Lemma 1. Let M, (t) _n(n+1)(n+2) e [n {Zv O(R) ( )}]

sint/,
3
(n+1)

then M, (t) =o(§), for0 <t <

.t 1 T
Proof Apply | sin | 2 — and | cos (v +3 t] <1, for0 <t < D)
— _ (n-k+1) K COS(U+)
| M, (o) | —m | Zh- [ oK {Zv o) Sint/, }] |
— 1 Tl (n— k+1) Z (k) |COS(V+ )t|
n(n+2)(n+1) v=0 |Smt/2
_ (n—k+1) k
- t(n+2£(n+1) [ {ZV 0( )}]
k (k) _ ok
= i DHmiD k:o(n —k+ 1) (- 25=0(3) =29
(n+1) 1 Kk
t(n+2)(n+1) t(n+2)(n+1) <k=0
1 B n(n+1)

7t(n+2) 2t(n+2)(n+1)
_ 1 n

tn+2) 2t(n+2)

-0 (%) (5.1
- (n—k+1) k cos(v )t
Lemma2. Let (t) m ;(lzo [ Y { 0( ) smt/ }]
~ 1 T
then M, (t) = O (m) for o< t<m
Proof—Using|sin§| Zt— and |sint] <1 for%l)s t<m
_ (n—k+1) k COS v+
- Tc(n+2)(n+1) | Z [ { ( ) sint }] |
_ (n—k+1) k k
t(n+2)(n+1) | Xi- 2k {Z":O(v) cos (v + E) t}] |

— k:O(n —k+1)  (see[])

M) |

t2(n+1)(n+2)
(n+1) n(n+1)
tZ(m+1)(n+2)  2t2(n+1)(n+2)
1

Lemma 3. (see [18]). If w(t) satisfies condition (3.1) and (3.2), we get
fou t'w(t)dt =O(uH(u), asu— 0%, (5.3)
Lemma 4 Let @ , (7) defines (2.13) for f € H,,
| &) - @, @) |<2Mw| x| (5.4)
also |oc)-@,@) |<2Mw| t] (5.5)
It is easy to verify.

PROOF OF THE MAIN THEOREM

Using (see [19]) and Riemann — Lebesgue theorem, then

S, (f;0)-f(x)= f”"b"(t)cos(n+ Dede 6.1)

If t,(?n denotes (E, 1) transform of S, (f; x) then



1

t1(1E'1) (f: x) - f(x) = 2n+1nf:% 7(1=0(Z) cos (k + é) tde, (62)

If t,&c'm’l) denotes (C,2)(E, 1) transform of S,, (f; x),

We write

(€2)(ED) _ n_[@okin) (7 (e i 1
th (f;x) = f(x) = n(n+1)(n+2) [ el 0 sint {277:0(17) cos (v + 2) t}] (6.3)
Writing 7 , (x) = tflc‘m'l) (f;x) - f(x) wehave

11,09 |= | £EPED(f520) - ) |

< | Tc(n+2)(n+1) k=0 S k+1) n::;g;) {Zv o(k) cos v 41 t}] | dt (6.4)
|1, -1.0) |
_ (n k+1) 7T¢x(t)_¢ (t) k 1
= | n(n+2)(n+1) sint/;} { 1’§=0(v) cos (U + 5) t}] | dt (6.5)
_ (n— k+1) |¢x(r>—¢ ®]l K 1
- n(n+2)(n+1) [ sint/j {25:0(1,) cos (v + E) t}] dt
_ .= k+1) © [ | K 1
- n(n+2)(n+1) smf/ {2'5:0(1,) cos (v + 5) t}] dt
:fon | o) | | Mu(0) | at using Lemma 1

[ g Jle@ ] M |ae

=L +1 (6.6)

Now using (5.5) and Lemma3
LI=Fy ™+ 191 IMy (O] de

=0 [, fns1) -1 w(t)dt

~0 <(n +1)'H (ﬁ)) 6.7)

Now
L] = f,f/ " | o) ||M,, (t)|dt using (5.5) and Lemma 2

=0(1) f,;’/( o t=2 w(t) dt
-0 ((n + 1)L H (ﬁ)) (6.8)

Now using (5.4), Lemma 1, we get

3 1\ (1), 1
1=0 () §, e wllx = yhr
T
/ _
=0 w(x—y) [, ™V etdr

=0 (log (n+1) w(lx — ) (6.9)



Now using (5.4) and Lemma?2
—o(X) (" -2 —
L=0(=) N I CESOL
=0 (w(lx — yD). (6.10)
We have
Iy= /" TP when k=I,2 (6.11)

By using (6.7) and (6.9) respectively in the first and the second factor on the right of the above identify (6.11)
for k = 1 we obtain that

1-B/a
L |=0 <[(n + D H(Z)] T Nog(n + D) w(lx — y|)]ﬁ/“) (6.12)
Again using (6.8) and (6.10) in the first and second factor on the right of the identify (6.11) for k = 2 we have
1-B/a
IL|=0 ([(n + D H(ES)] T w(x - y|)]B/°‘) (6.13)

Thus from (2.6), (6.12) and (6.13) we get

| In()—In()|

w* —
ffiﬁ’l A T (x,y) | sufg,y) ey
_{wix-yhP/x 8/ “1 gy (T PR
—0{ P (log(n + 1)< (n + D7 H ()] (6.14)
Using the fact that fe H,,=> ¢, (t)= O (w(t))
we obtain
ITalle= Sup || $2EV(F;x0) = Fol|
—TSXSTT
_ _ b4
0 {(n+1) 1H(m)}. (6.15)

Combining the result of (6.14) and (6.15), we get

ST " w(lx—y)B/a _ x \]1-B/a
1EEPED (20 = F@lle = O logn+ 1) [+ 7 ()] | (616)

Completes the proof of main theorem

7. Corollaries:
The corollaries can be derived from main theorem.

Corollary7. 1: “If f=0and f € Lip(a, p), 0< a < 1 then

2)(E 5 1
| 652 ED (20 = f)l = 0f =z} foro<a< 1.

= O(log(n+1)) , for a =1

(n+1)
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Conclusion
The summability method F(a, q) includes method of summability like Borel, (E, 1), (E, q), (e, ¢) and [F, d,] then
by using the result of main theorem we can derive more generalizing result and also the result of J. K.
Kushwaha [6] can be derived directly.
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