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Abstract: In this manuscript, we shall introduce a weak () — ¢) hybrid contraction and prove fixed point
theorem for such contractions in metric like spaces. In the end, the main result is supported by an example.
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1. Introduction:
In 1922, Banach [4] introduced a contraction principle to get a fixed point in complete metric space. In 2000, the
concept of dislocated was introduced by Hitzler and Seda [3]. Metric like spaces were discovered by Amini and
Harandi [1] in 2012. Till now many authors gave fixed point theorems in metric spaces see ([5]-[7], [12]-[18]). In
2018, Karapinar gave a new direction to the concept of contractions by introducing Jaggi type interpolative
contraction. Since then, a numbers of fixed point results are proved for various type of hybrid contractions in
various spaces see ([2],[8]-[10]). In this paper, we shall extend the concept of weak contraction given by
Choudhary and Dutta [10] in metric like space.
Definition 1.1. [1] Let 3 be a non empty set and @ : } X I — [0, ) be a function such that
1. &(f,y) =0 implies f =y,
2. =2By) ==,
3. 2(By) s=(B ) +=(6y).
forall B,y,8 € .
Then < is called dislocated metric and (3P, @) is called dislocated (metric like) spaces.
Definition 1.2. [1] Let (3P, &) be a metric like space.
1. Asequence {,} in P is said to be Cauchy if lim,, ;0% (Qp, @,) exists and finite.
2. (AP, =) is said to be complete if every Cauchy sequence {Q,} in I converges to some @ € 3P, that is
lim,,_, (0, Q,) = ®(9,Q) = limy, , e (2, Q).
3. A mapping T: (AP, &) = (P, =) is said to be continuous if for any sequence {,} in } such that
2(Q,Q,) = ®(o,0) as n - o, we have 2(Tx,Tq,) - *(Q,Q) as n - oo.
Lemma 1.1 [11] Let (3P, %) be a metric like space and {@,} be a sequence in I such that o, = @ in }P and
2(@,@) = 0. Then for all @0 € P, we have
lim,_, e (Q,, ) = 2(,©).
2. Main Results:
In this section, we shall introduce weak (¥ — ¢) hybrid contraction and prove fixed point theorem in metric like

space for it.



Definition 2.1 Let (3P, ) be a metric like space. Then T : P — P is said to be weak (¢ — ¢) hybrid

contractive mapping if

P(2(To, T0)) < P(RT(@,0)) — ¢(R (2 0)), 2.1
for all distinct @, € P, where s = 0, 4; = 0 forall i = 1,2,3,4 such that

M+A,+4;3+4, =1 and

R (0, 2)) =
( 2(2,T0)(1 + =2(e,I)) )
[ ((0, ) + 1, ((Q, Q) + A3(ee (w0, Tw))® + A,( 1+ =(o,®) )], if s>0
I (o, )M (22(0 TQ))*2 (e (0, Ton)) 2 (ae(ao’ To)(1 + 2(0,30) A, if s=0.

L 1 + (0, )
Q,0 & F(P), where
Fz(P) ={eeP:Ta=0}, and Y, ¢p:[0,0) = [0,0) both are continuous and non-decreasing
function with ¢(t) = 0 = ¢(t) ifand only if t = 0.
Theorem 2.1 Let (3P, ) be a complete metric like space and T be a continuous self map on I satisfying
equation (2.1). Then ¥ has a unique fixed point.
Proof. Let o, € . Construct an iterative sequence {@,} as @, = TQ,_; and T, =, forall n €N.
2(Qy, 9,41) > 0 for all n € N. Because if for some k € N, se(Q, Qxy1) = 0 then
Qr = Qi1 = Ty, this shows that  is the fixed point of T and we are done.
We shall discuss the proof in two different cases: s > 0, s = 0.
Case (i). When s > 0.

Putting @ = o,_; and @ = @, in equation (2.1), we get

P((T-1, T2) < Y(RT(Qn-1,90)) — PRI (Qn-1,2)), (2.2)
where
R (Qn-1,90) = [A1(2(-1,2))° + Az (R(Q-1, T221))° + Az ((Qn, T2,))°
®(Qn, Ta) (1 + @(Qq-1, Ty_1))
1+ 2(@u-1,2,)
= [/11 ((@n-1, Qn))s + Ay (e (Qn-1, Qn)s
+23((Qn, 2n41))° + Aa(2(Qn, 2n1))°]- (2.3)

Now if possible suppose that ®(Q,,_1,2,) < 2(Q,, 241),

+ Aa( )°]

From this, equations (2.2) and (2.3), we have
Y(R(Qn 1)) < Y((Qn, Q1)) — P(R(Qn Qn41))
< P((Qn 1))
a contradiction.
So, @(Qn-1, %) = ®(Qn, 211)-
Using this in equation (2.3), we get

R (Qn-1,2) = ®(Qn-1,,). (2.4)

It follows that the sequence {e(Q,, @,41)} is a monotonically decreasing sequence of positive reals. So, the



sequence {e(Qy,, 2,41)} converges to some r = 0.
Taking limitas n — oo in equation (2.1) and using above, we obtain that ¥ (r) < Y (r) — ¢(r), which holds only
when r = 0.
So,
®2(Qn, 1) = 0, 25)
as n — oo,
Now, we shall show that {@,} is a Cauchy sequence. If possible, suppose that {e,} is not a Cauchy sequence.
Then there exist € > 0 for which we can find two subsequences {Qyy} and {@,y} of {@,} with n(k) >
m(k) > k, such that
®(Qm k) k) = €. (2.6)
Further for m(k) we can choose n(k) in such a way that it is the smallest integer with
n(k) > m(k) and satisfying equation (2.6).
Then
2(Qn () Cn(i)-1) < €. (2.7)
Then using triangle inequality, equations (2.6) and (2.7), we have
€ < &(Qmy n())
< @ Q) Cn)-1) T B @n)-1) Cn(k))
< €+ @(@uuy-1 Q) 2.8)

Making k — oo and using equation (2.5) in (2.8), we get

Hm (2 k), ) = €. (2.9)
Again

2(Qm k) i) < @(Qnky Cmk)-1) T @ Q@mi-1 Anr-1) T A Xn)—1) Xngie))- (2.10)
2(Qm)-1 Cn)-1) = B(Qm)-1 Cmk)) T B(Lm) Cn)) + (k) Cn(iy-1)- (2.11)

Taking k — oo and using equations (2.5), (2.9) in equations (2.10) and (2.11), we get
lm ee(Qmk)-1, On(iy)-1) = € (2.12)

Putting @ = Q@ (ky-1, 80 = Qp()-1, in the equation (2.1), we get

Y (@ (T a0y -1, T )-1)) < YRT Q-1 n(i)-1)) — P (RS (Qumie)-1, Lngiey-1))» (2.13)
where
R (@m)-1 Wiio-1) = [A1 (R Qm)-1 ngiey-1))° + 22(R ()1, Tniy-1))° (2.14)

ae(ﬂn(k)—lvIﬂn(k)—l)(1+99(9m(k)—1’39m(k)—1))5]
1+2(Qm(k)-12n(k)-1) !

Taking k — oo and using (2.5), (2.9) (2.12) and (2.14) in (2.13), we get

+23 ((Qn)-1 Tnr)-1))° + A4

1 1

P(e) S Yo — p(Ae). 2.15)
Subcase (i): When 4; = 0.

From equation (2.15), we have

P (e) < 0, but P is a non-negative function,

so Y(e) = 0 and this holds only when € = 0.

Subcase (ii): When 4; = 1.



From equation (2.15), we have
Y(e) < P(e) — ¢p(e),
but 1 is non-decreasing function, so this holds only when € = 0.

Subcase (iii): When 0 < 4; < 1.

Clearly, € > /1%6, so equation (2.15) implies that ¥ (e) < l/J(A%E) but as ¥ is non-decreasing function, so this
holds only when € = 0.

From all the above discussed three subcases it is clear that € = 0.

a contradiction to our assumption.

So, {@,} is a Cauchy sequence.

Now as (J, @) is a complete metric like space so there exists u € } such that

limeae(u,e,) =@@,u) = lim ®(Q, 2,) =0. (2.16)
n—oo mmn—oo

Since ¥ is continuous, from equation (2.16), we have

lim (T, Q,41) = *(Ty, Tu). 2.17)
n-—-oo

On the other hand, by Lemma 1.1 and equation (2.16), we have

lim (T, Q,41) = 2(u, Tu). (2.18)
n—-oo

Using equations (2.1), (2.17) and (2.18), we get
P(e(Tu, Tu)) < PRI W) — ¢RI (w,w)),
Now by simple calculations, we get
P(ee(u, Tu)) < P(ee(y, Tu)),
which holds only when (u, Tu) = 0, that is
u=3u
So, u is the fixed point.

Uniqueness: If possible suppose that u and v be two distinct fixed point of ¥, then from equation (2.1), we obtain
that

¥(e(Tn, Tn)) < PR (1,0)) — PRI (1,0)),

Where

RI(u,0) = [A (@, 1)° + (1, T)* + A3 (@ (0, 0))° + A, CL2L=WD)ys)

1+a ()
By equation (2.16), we get
P (ee(u,v)) < 0, which implies that u = ».
Hence T has a unique fixed point.
Case (ii). When s = 0. Taking @ = o,_; and @ = @, in equation (2.1), we get
P((Tn-1, T2)) < PRI (Qn-1,9)) — ¢RI (2n-1,9)), (2.19)
where

(2, Qn41) (1 + 2(Qn-1,20))

)
1+ 2(@,-1,9,)

R (Qn-1,2) = (@(Qn-1,20) " (R(Qn-1,20)) " (R(2n) 2n41)) ™ (

= (2(2n-1,2)" (@(Qn-1,20)) "2 (@(Qn, 20 41)) "3 (@ () Oy 1)) ™

Using this in equation (2.19), we have

(&(Qnr Qn+1))1_)b3_/14 < (Q(Qn—l! Qn)al (ae(gn—lr Qn))llz



®(Qn 1) S@(Qpg, ) (as =, =43 =4, =1)

Now by repeating the same steps as in case (i), one can get the proof of unique fixed point for
s=0.

Example 2.1 Let 3P = [0, 00) and (@, 0) = max{Q, ®}.

Clearly, (3P, 2) is a complete metric like space.

Define Tx = > and (t) = 2t, $(t) = 0 and s = 1.

Without loss of generality assume that @ > a0 for all o, € 1.

Now Y ((Tx, Ty)) = a.

Similarly, right hand side of equation (2.1) is equal to @ + <.

T is continuous also.

So, all the conditions of Theorem 2.1. are satisfied. Hence ¥ has a unique fixed point.

Clearly, 0 is the fixed point.

3. Conclusion:

In this manuscript,we have introduced a new notion of weak (1) — ¢) hybrid contraction in metric like space and

proved a fixed point theorem in it. We have supported our result by a non trivial example. It is an open problem

to check whether the condition of continuity on the mappings can be relaxed by adding another condition. They

can also extend our proved result for two or four mappings in metric like or in c*-algebra valued, bipolar, fuzzy,

soft metric spaces etc.
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