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Kaehlerian Spaces. After that, Negi and Preeti Chauhan (2021), have accomplished 
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order. In this chapter, we have calculated Conformal curvature tensor compiled with a metric 

semi-symmetric connection of Almost Hyperbolic Tachibana Manifolds and some theorems 

established. 
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1. Introduction: 

Let n-dimensional differential manifold (𝑀𝑛 , g) (n >2), with the structure 𝐹𝑖
ℎ
 is a 

tensor field of type (1, 1) and 𝐹𝑖,𝑗
ℎ  is a covariant derivative with respect to Riemannian 

curvature tensor. A metric semi-symmetric connection ∇ and Riemannian curvature tensor 

with coefficients Γ𝑖,𝑗
ℎ  and   

ℎ
𝑖 𝑗

  [Yano and Imai (1982)] and if the torsion tensor Γ of the 

connection 𝛻 on (𝑀𝑛 , g) (n >2) satisfies. Then the manifold is called hyperbolic Tachibana 

manifold which satisfies equations (1.1), (1.2) and (1.3), (1.4), (1.5) and (1.6) respectively: 

𝐹𝑗
𝑖𝐹𝑖

ℎ
 = 𝛿𝑗

ℎ
,                                                                                                                   (1.1) 

𝐹𝑖𝑗  = − 𝐹𝑗𝑖 , (𝐹𝑖𝑗  = 𝑔𝑗𝑘𝐹𝑖
𝑘
),                                                                                             (1.2) 
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𝐹𝑖,𝑗
ℎ

 = 0,                                                                                                                         (1.3) 

Γ𝑗𝑘
𝑖
 =  𝑝𝑗𝐴𝑘

𝑖
 − 𝑝𝑘𝐴𝑗

𝑖
,                                                                                                    (1.4) 

Γ𝑗𝑘
𝑖
  =  

𝑖
𝑗𝑘

  − 𝑝𝑘𝑈𝑗
𝑖
 + 𝑝𝑗𝑉𝑘

𝑖
 − 𝑝𝑖𝑉𝑗𝑘 ,                                                                            (1.5) 

𝑈𝑖𝑗  = 
1

2
(𝐴𝑖𝑗  − 𝐴𝑗𝑖 ),  𝑉𝑖𝑗  = 

1

2
 (𝐴𝑖𝑗  + 𝐴𝑗𝑖 ),                                                                           (1.6) 

Also, 𝐴𝑗
𝑖
 denotes the components of the tensor of the type (1, 1) as well as  ∇g = 0 and 𝑝𝑖  are 

the components of a 1- form. Then equation (1.6) written as: 

𝐴𝑖𝑗  = 𝑈𝑖𝑗  + 𝑉𝑖𝑗 .                                                                                                               (1.7) 

Taking 𝑉𝑖𝑗  = 𝑔𝑖𝑗  and 𝑈𝑖𝑗  = 𝐹𝑖𝑗  in (1.5) [Nevena Pusic (2003)], then we obtain: 

Γ𝑗𝑘
𝑖
 =   

𝑖
𝑗𝑘

  −  𝑝𝑘𝐹𝑗
𝑖
 + 𝑝𝑗𝛿𝑘

𝑖
 − 𝑝𝑖𝑔𝑗𝑘 .                                                                         (1.8) 

The relation between Riemannian curvature tensor (r-4) relating to a metric semi-symmetric 

connection is given by [Nevena Pusic (2003)]:  

𝑅 𝑖𝑗𝑘 ℎ  =  𝑅𝑖𝑗𝑘 ℎ  − 𝑔𝑖ℎ𝑝𝑘𝑗  + 𝑔𝑖𝑘𝑝ℎ𝑗  −  𝑔𝑗𝑘 𝑝ℎ𝑖   +  𝑔ℎ𝑗𝑝𝑘𝑖  + 𝑝𝑗𝑝ℎ𝐹𝑖𝑘  + 𝑝𝑖𝑝𝑘𝐹𝑗ℎ  

              − 𝑝𝑗𝑝𝑘𝐹𝑖ℎ  − 𝑝𝑖𝑝ℎ𝐹𝑗𝑘 ,                                                                                       (1.9) 

Where 

𝑝𝑗𝑘  = ∇𝑗𝑝𝑘  − 𝑝𝑗𝑝𝑘  + 𝑝𝑘𝑞𝑗  + 
1

2
𝑝𝑠𝑝

𝑠𝑔𝑗𝑘 .                                                                       (1.10) 

Again, the Ricci tensor and the scalar curvature are given by [Nevena Pusic (2003)]: 

𝑅 𝑗𝑘  =  𝑅𝑗𝑘  – (𝑛 − 2)𝑝𝑘𝑗  − 𝑔𝑗𝑝𝑚
𝑚  − 𝑝𝑗𝑞𝑘  + 𝑝𝑘𝑔𝑗  −  𝑝𝑠𝑝𝑠𝐹𝑘𝑗 ,                                  (1.11) 

𝑅  = 𝑅 –  2(𝑛 –  1)𝑝𝑚
𝑚 .                                                                                                 (1.12) 

𝑝𝑗  = 𝑝ℎ𝑔𝑗ℎ  ;  𝑞𝑖  = 𝐹𝑡𝑖𝑝
𝑡  ;  𝑝𝑟  = 𝑔𝑖𝑟𝑝𝑖 .                                                                          (1.13) 

2. Conformal Curvature Tensor compiled with a Metric semi-Symmetric Connection of 

Almost Hyperbolic Tachibana Manifolds. 

We have Conformal curvature tensor (rank-4) in a Riemannian manifolds is defined 

as following: 

𝐶𝑖𝑗𝑘 ℎ    =  𝑅𝑖𝑗𝑘 ℎ  − 
1

𝑛−2
 (𝑅𝑗𝑘𝑔𝑖ℎ  −  𝑅𝑖𝑘𝑔𝑗ℎ  + 𝑅𝑖ℎ𝑔𝑗𝑘  −  𝑅𝑗ℎ𝑔𝑘𝑖 )  

                                            + 
𝑅

(𝑛−1)(𝑛−2)
 (𝑔𝑖ℎ𝑔𝑗𝑘   −  𝑔𝑗ℎ𝑔𝑘𝑖 )                                         (3.1) 

The Conformal curvature tensor (rank-4) relating to a metric semi-symmetric connection is 

given by: 

𝐶 𝑖𝑗𝑘 ℎ  =  𝑅 𝑖𝑗𝑘 ℎ  − 
1

𝑛−2
 (𝑅 𝑗𝑘𝑔𝑖ℎ  −  𝑅 𝑖𝑘𝑔𝑗ℎ  + 𝑅 𝑖ℎ𝑔𝑗𝑘  −  𝑅 𝑗ℎ𝑔𝑘𝑖 ) 



                                            + 
𝑅 

(𝑛−1)(𝑛−2)
 (𝑔𝑖ℎ𝑔𝑗𝑘   −  𝑔𝑗ℎ𝑔𝑘𝑖 )                                        (3.2) 

Theorem 3.1 The Conformal curvature tensor (r-4) relating to a metric semi-symmetric 

connection will be equal to the Conformal curvature tensor (r-4) with respect to a Riemannian 

curvature tensor (r-4) in almost hyperbolic Tachibana manifold, if the following conditions 

satisfies: 

𝑝ℎ𝐹𝑖𝑘  =  𝑝𝑘𝐹𝑖ℎ .                                                                                                               (3.3) 

Proof.  Wed have from (1.9), (1.11) and (1.12) in (3.2), we obtain: 

𝐶 𝑖𝑗𝑘 ℎ  =  𝑅𝑖𝑗𝑘 ℎ  − 𝑔𝑖ℎ𝑝𝑘𝑗  + 𝑔𝑖𝑘𝑝ℎ𝑗  −  𝑔𝑗𝑘 𝑝ℎ𝑖  + 𝑔ℎ𝑗𝑝𝑘𝑖  +   𝑝𝑗𝑝ℎ𝐹𝑖𝑘  + 𝑝𝑖𝑝𝑘𝐹𝑗ℎ  − 𝑝𝑗𝑝𝑘𝐹𝑖ℎ   

                          −  𝑝𝑖𝑝ℎ𝐹𝑗𝑘  − 
1

𝑛−2
 [𝑔𝑖ℎ (𝑅𝑗𝑘  – (n-2)𝑝𝑘𝑗  −  𝑔𝑗𝑘 𝑝𝑚

𝑚  − 𝑝𝑗𝑞𝑘  + 𝑝𝑘𝑞𝑗  −  𝑝𝑠𝑝𝑠𝐹𝑘𝑗 ) 

                          −  𝑔𝑗ℎ (𝑅𝑖𝑘– (𝑛 − 2)𝑝𝑘𝑖  − 𝑔𝑖𝑘𝑝𝑚
𝑚  − 𝑝𝑖𝑞𝑘  + 𝑝𝑘𝑞𝑖  −  𝑝𝑠𝑝𝑠𝐹𝑘𝑖 ) 

                        +  𝑔𝑘𝑗 (𝑅𝑖ℎ  − (𝑛 − 2)𝑝ℎ𝑖   −  𝑔𝑖ℎ𝑝𝑚
𝑚  − 𝑝𝑖𝑞ℎ  + 𝑝ℎ𝑞𝑖  − 𝑝𝑠𝑝𝑠𝐹ℎ𝑖) 

                           −  𝑔𝑖𝑘 (𝑅𝑗ℎ  − (𝑛 − 2)𝑝ℎ𝑗  − 𝑔𝑗ℎ𝑝𝑚
𝑚  − 𝑝𝑗𝑞ℎ  + 𝑝ℎ𝑞𝑗  − 𝑝𝑠𝑝𝑠𝐹ℎ𝑗 )] 

                          + 
𝑅−2(𝑛−1)𝑝𝑚

𝑚

(𝑛−1)(𝑛−2)
 (𝑔𝑖ℎ𝑔𝑗𝑘  −  𝑔𝑗ℎ𝑔𝑖𝑘 )                                                       (3.4) 

Again, from (1.13 and (3.4), we get: 

𝐶 𝑖𝑗𝑘 ℎ  =  𝑅𝑖𝑗𝑘 ℎ  −  
1

(𝑛−2)
 (𝑅𝑗𝑘𝑔𝑖ℎ  −  𝑅𝑖𝑘𝑔𝑗ℎ  +  𝑅𝑖ℎ𝑔𝑗𝑘  -  𝑅𝑗ℎ𝑔𝑘𝑖 ) 

                            + 
𝑅

(𝑛−1)(𝑛−2)
 (𝑔𝑖ℎ𝑔𝑗𝑘  −  𝑔𝑗ℎ𝑔𝑘𝑖 ) + 

𝑛+1

𝑛−2
 (𝑝𝑗𝑝ℎ𝐹𝑖𝑘  −  𝑝𝑗𝑝𝑘𝐹𝑖ℎ) 

                            + 
𝑛+1

𝑛−2
 (𝑝𝑖𝑝𝑘𝐹𝑗ℎ  −  𝑝𝑖𝑝ℎ𝐹𝑗𝑘 )                                                                (3.5) 

Also, from (3.1) and (3.5), we get: 

𝐶 𝑖𝑗𝑘 ℎ  =  𝐶𝑖𝑗𝑘 ℎ  + 
𝑛+1

𝑛−2
 (𝑝𝑗𝑝ℎ𝐹𝑖𝑘  − 𝑝𝑗𝑝𝑘𝐹𝑖ℎ) +  

𝑛+1

𝑛−2
 (𝑝𝑖𝑝𝑘𝐹𝑗ℎ  −  𝑝𝑖𝑝ℎ𝐹𝑗𝑘 )                        (3.6) 

If we take 𝑝ℎ𝐹𝑖𝑘  =  𝑝𝑘𝐹𝑖ℎ  then (3.6) reduces to the form: 

𝐶 𝑖𝑗𝑘 ℎ  =  𝐶𝑖𝑗𝑘 ℎ .                                                                                                               (3.7)  

Hence completes the proof. 

Theorem 3.2 The Conformal curvature tensor (r-4) relating to a metric semi-symmetric 

connection in almost hyperbolic Tachibana manifold satisfies Bianchi identity if:  

𝑝𝑗𝐹𝑖𝑘  +  𝑝𝑖𝐹𝑘𝑗  + 𝑝𝑘𝐹𝑗𝑖  = 0.                                                                                              (3.8) 

Proof.  We have Interchanging 𝑖, 𝑗 𝑎𝑛𝑑 𝑘 in a cyclic order in (3.5), we get: 

𝐶 𝑖𝑗𝑘 ℎ   =  𝐶𝑖𝑗𝑘 ℎ+  
𝑛+1

𝑛−2
 (𝑝𝑗𝑝ℎ𝐹𝑖𝑘  −  𝑝𝑗𝑝𝑘𝐹𝑖ℎ) +  

𝑛+1

𝑛−2
 (𝑝𝑖𝑝𝑘𝐹𝑗ℎ  −  𝑝𝑖𝑝ℎ𝐹𝑗𝑘 ),                      (3.9) 

𝐶 𝑗𝑘𝑖 ℎ   =  𝐶𝑗𝑘𝑖 ℎ+  
𝑛+1

𝑛−2
 (𝑝𝑘𝑝ℎ𝐹𝑗𝑖  −  𝑝𝑘𝑝𝑖𝐹𝑗ℎ )  +  

𝑛+1

𝑛−2
 (𝑝𝑗𝑝𝑖𝐹𝑘ℎ  −  𝑝𝑗𝑝ℎ𝐹𝑘𝑖 )                      (3.10) 

And  



𝐶 𝑘𝑖𝑗 ℎ   =  𝐶𝑘𝑖𝑗 ℎ   +  
𝑛+1

𝑛−2
 (𝑝𝑖𝑝ℎ𝐹𝑘𝑗  −  𝑝𝑖𝑝𝑗𝐹𝑘ℎ )  +  

𝑛+1

𝑛−2
 (𝑝𝑘𝑝𝑗𝐹𝑖ℎ   −  𝑝𝑘𝑝ℎ𝐹𝑖𝑗 )                 (3.11) 

Adding (3.9), (3.10) and (3.11), we obtain: 

𝐶 𝑖𝑗𝑘 ℎ  +  𝐶 𝑗𝑘𝑖 ℎ   +  𝐶 𝑘𝑖𝑗 ℎ  =  𝐶𝑖𝑗𝑘 ℎ  + 𝐶𝑗𝑘𝑖 ℎ  + 𝐶𝑘𝑖𝑗 ℎ  + 2 (
𝑛+1

𝑛−2
) 𝑝ℎ (𝑝𝑗𝐹𝑖𝑘  + 𝑝𝑖𝐹𝑘𝑗  + 𝑝𝑘𝐹𝑗𝑖 ).  (3.12)                                                             

Since, the Conformal curvature tensor (r-4) in a Riemannian manifold satisfies the condition: 

𝐶𝑖𝑗𝑘 ℎ  +  𝐶𝑗𝑘𝑖 ℎ  + 𝐶𝑘𝑖𝑗 ℎ   = 0,                                                                                            (3.13) 

By using (3.13) in (3.12), we find  

𝐶 𝑖𝑗𝑘 ℎ  +  𝐶 𝑗𝑘𝑖 ℎ  +  𝐶 𝑘𝑖𝑗 ℎ   =  2( 
𝑛+1

𝑛−2
)  𝑝ℎ  (𝑝𝑗𝐹𝑖𝑘  + 𝑝𝑖𝐹𝑘𝑗  +  𝑝𝑘𝐹𝑗𝑖 ).                                   (3.14) 

If we take  𝑝𝑗𝐹𝑖𝑘  +  𝑝𝑖𝐹𝑘𝑗  + 𝑝𝑘𝐹𝑗𝑖  = 0 then from (3.14), we get 

𝐶 𝑖𝑗𝑘 ℎ  + 𝐶 𝑗𝑘𝑖 ℎ  + 𝐶 𝑘𝑖𝑗 ℎ  = 0.                                                                                              (3.15) 

Hence completes the proof. 

Theorem 3.3 The Conformal curvature tensor (r-4) relating to a metric semi-symmetric 

connection in almost hyperbolic Tachibana manifold satisfies the following properties: 

𝐶 𝑖𝑗𝑘 ℎ  = − 𝐶 𝑗𝑖𝑘 ℎ ,      𝐶 𝑖𝑗𝑘 ℎ  = − 𝐶 𝑖𝑗ℎ𝑘 . 

Proof. We have Interchanging 𝑖 𝑎𝑛𝑑 𝑗 in (3.5), we get: 

𝐶 𝑗𝑖𝑘 ℎ  =  𝐶𝑗𝑖𝑘 ℎ  + ( 
𝑛+1

𝑛−2
 ) (𝑝𝑖𝑝ℎ𝐹𝑗𝑘  −  𝑝𝑖𝑝𝑘𝐹𝑗ℎ)  + ( 

𝑛+1

𝑛−2
 ) (𝑝𝑗𝑝𝑘𝐹𝑖ℎ   −  𝑝𝑗𝑝ℎ𝐹𝑖𝑘 ).            (3.16) 

Adding (3.5) and (3.16), we obtain 

𝐶 𝑖𝑗𝑘 ℎ  +  𝐶 𝑗𝑖𝑘 ℎ  =  𝐶𝑖𝑗𝑘 ℎ  + 𝐶𝑗𝑖𝑘 ℎ .                                                                                      (3.17) 

Since the conformal curvature tensor (r-4) in a Riemannian manifold satisfies: 

𝐶𝑖𝑗𝑘 ℎ  + 𝐶𝑗𝑖𝑘 ℎ  = 0,                                                                                                          (3.18) 

Now using (3.18) and (3.17), we get the result. 

Again, interchanging k and h in (3.5), we have  

𝐶 𝑖𝑗ℎ𝑘  =  𝐶𝑖𝑗ℎ𝑘+  
𝑛+1

𝑛−2
 (𝑝𝑗𝑝𝑘𝐹𝑖ℎ  − 𝑝𝑗𝑝ℎ𝐹𝑖𝑘)  +  

𝑛+1

𝑛−2
 (𝑝𝑖𝑝ℎ𝐹𝑗𝑘  − 𝑝𝑖𝑝𝑘𝐹𝑗ℎ).                      (3.19) 

Adding (3.5) and (3.19), we have  

𝐶 𝑖𝑗𝑘 ℎ+ 𝐶 𝑖𝑗ℎ𝑘  =  𝐶𝑖𝑗𝑘 ℎ  + 𝐶𝑖𝑗ℎ𝑘 .                                                                                        (3.20) 

Since the conformal curvature tensor (r-4) in a Riemannian manifold satisfies: 

𝐶𝑖𝑗𝑘 ℎ  +  𝐶𝑖𝑗ℎ𝑘  = 0,                                                                                                         (3.21) 

Now by using (3.21) and (3.20), we get the result. 

Theorem 3.4 The Conformal curvature tensor (r-4) relating to a metric semi-symmetric 

connection relating to Riemannian recurrent curvature tensor (r-4) in almost hyperbolic 

Tachibana manifold, if following condition satisfies: 

𝐶𝑟𝑗𝑘 ℎ𝑝𝑖  +  𝐶𝑖𝑟𝑘ℎ𝑝𝑗  +  𝐶𝑖𝑗𝑟 ℎ𝑝𝑘  +  𝐶𝑖𝑗𝑘𝑟 𝑝ℎ  = 0.                                                               (3.22) 



Proof.  We have by taking covariant differentiation of the Conformal curvature tensor (r-4) 

relating to the Riemannian manifolds and metric semi-symmetric connection respectively, we 

get: 

𝐷𝑚𝐶𝑖𝑗𝑘 ℎ  =  𝜕𝑚𝐶𝑖𝑗𝑘 ℎ  −  𝐶𝑟𝑗𝑘 ℎ  
𝑟
𝑚𝑖

  − 𝐶𝑖𝑟𝑘ℎ  
𝑟
𝑚𝑗  −  𝐶𝑖𝑗𝑟 ℎ  

𝑟
𝑚𝑘

  −  𝐶𝑖𝑗𝑘𝑟  
𝑟

𝑚ℎ
          (3.23) 

And  

∇𝑚𝐶𝑖𝑗𝑘 ℎ   =  𝜕𝑚𝐶𝑖𝑗𝑘 ℎ  −  𝐶𝑟𝑗𝑘 ℎҐ𝑚𝑖
𝑟
 −  𝐶𝑖𝑟𝑘ℎҐ𝑚𝑗

𝑟
 −  𝐶𝑖𝑗𝑟 ℎҐ𝑚𝑘

𝑟
 −  𝐶𝑖𝑗𝑘𝑟 Ґ𝑚ℎ

𝑟
             (3.24) 

Subtracting (3.23) from (3.24), we get: 

∇𝑚𝐶𝑖𝑗𝑘 ℎ  −  𝐷𝑚𝐶𝑖𝑗𝑘 ℎ  =  𝐶𝑟𝑗𝑘 ℎ ( 
𝑟
𝑚𝑖

  − Ґ𝑚𝑖
𝑟
) +  𝐶𝑖𝑟𝑘ℎ ( 

𝑟
𝑚𝑗  −  Ґ𝑚𝑗

𝑟
) 

                                         +  𝐶𝑖𝑗𝑟 ℎ ( 
𝑟

𝑚𝑘
  − Ґ𝑚𝑘

𝑟
) +   𝐶𝑖𝑗𝑘𝑟 ( 

𝑟
𝑚ℎ

  −  Ґ𝑚ℎ
𝑟
)               (3.25) 

Now using (1.8) in (3.25), we find:  

∇𝑚𝐶𝑖𝑗𝑘 ℎ  −   𝐷𝑚𝐶𝑖𝑗𝑘 ℎ  =  𝐶𝑟𝑗𝑘 ℎ (𝑝𝑖𝐹𝑚
𝑟
 − 𝑝𝑚𝛿𝑖

𝑟
 + 𝑝𝑟𝑔𝑚𝑖 ) + 𝐶𝑖𝑟𝑘ℎ (𝑝𝑗𝐹𝑚

𝑟
 −  𝑝𝑚𝛿𝑗

𝑟
 +  𝑝𝑟𝑔𝑚𝑗 ) 

          +  𝐶𝑖𝑗𝑟 ℎ (𝑝𝑘𝐹𝑚
𝑟
 −  𝑝𝑚𝛿𝑘

𝑟
 +  𝑝𝑟𝑔𝑚𝑘 ) +  𝐶𝑖𝑗𝑘𝑟 (𝑝ℎ𝐹𝑚

𝑟
 −  𝑝𝑚𝛿ℎ

𝑟
 +  𝑝𝑟𝑔𝑚ℎ )      (3.26) 

Again using (1.13) in (3.26), we obtain: 

∇𝑚𝐶𝑖𝑗𝑘 ℎ  −  𝐷𝑚𝐶𝑖𝑗𝑘 ℎ  =  (𝐶𝑟𝑗𝑘 ℎ𝑝𝑖  +  𝐶𝑖𝑟𝑘ℎ𝑝𝑗    +   𝐶𝑖𝑗𝑟 ℎ𝑝𝑘  +  𝐶𝑖𝑗𝑘𝑟 𝑝ℎ )𝐹𝑚
𝑟
                   (3.27) 

If (3.22) is satisfied, then we find: 

∇𝑚𝐶𝑖𝑗𝑘 ℎ  =  𝐷𝑚𝐶𝑖𝑗𝑘 ℎ .                                                                                                   (3.28) 

Hence we get the result. 
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