NEW GENERALIZATION OF THE FIBONACCI SEQUENCE IN
CASE OF THIRD ORDER RECURRENCE EQUATIONS

1.1 INTRODUCTION

In this chapter we define new generalization of the Fibonacci sequence in case
of third order recurrence equations. We generate pair of integer sequences using third

order recurrence equations:

On+3 = Pn+2 + Pn+1 + Pn n>0

Bn+3 = On+2 T Oln+1 t Oy n>0

This process of constructing two sequences {o; -y and {B; fi, is called 2-

Fibonacci sequences [5,7].

1.2 NEW GENERALIZATION

The process of construction of the Fibonacci numbers is a sequential process
[1,2,6]. Atanassov, K. [3,4] consider two infinite sequence {an} and {bn} which have
given initial values ai, a» and bs, bo. Sequences {an} and {bn} are generated for every

natural number n > 2 by the coupled equations,
dn+2 = bn+1 + bn

Dn+2 = @n+1 + an

In this chapter we consider two infinite sequences {o; {;-y and {B; }i, which
have given three initial values a, c, e and b, d, f (which are real numbers). Sequences
{2, and {B; ]2, are generated for every natural number n > 3 by the coupled

equations.

On+3 = Pn+2 + Pn+1 + Pn n>0

Bn+3 = an+2 + Oln+1 + On n>0



If we seta=b, c =d, e = f then the sequence {o; }:~, and {B; };-, will coincide
with each other and with the sequence {F}”,, which is a generalized Fibonacci
sequence.
where, Fo(a, ¢, €) = a, Fi(a, ¢, e) =¢, F2(a, c, e) = e,

Fna(a, C, €) = Fns2(a, C, €) + Fnsa(a, c, €) + Fn(a, C, €)
There are eight different ways to construct sequences {ai} and {Bi} :

First way : Oln+3 = On+2 + Oln+1 + Oln

Bn+3 = Bn+2 + Bn+1 + Bn

Second way : Oln+3 = Oln+2 + Otn+1 + PBn

Bn+3 = Pn+2 + Pn+1 + n

Third way . On+3 = Olp+2 + Bn+1 + on

Bn+3 = Pn+2 + an+1 + Pn

Fourth way On+3 = Olp+2 + Bn+1 + Bn

Bn+3 = Bn+2 + On+1 + On

Fifth way : On+3 = PBn+2 + Oln+1 + ain

Bn+3 = On+2 T Bn+1 + Bn



Sixthway Oln+3 = Bn+2 + Otn+1 + B

Bn+3 = On+2 t+ Bn+1 + an
Seventh way: Oln+3 = Bn+2 + Bn+1 + o

Bn+3 = on+2 + Oln+r + Pn

Elghth way Oln+3 = Bn+2 + Bn+1 + Bn

Bn+3 = On+2 + Otn+1 + On

Graphically we can show the above generalization as under :
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1.3 THE 2F-SEQUENCES

We are constructing two sequences {o.; |, and {B; }:~, by the following way —

00=a,01=C,02=¢ Bo=b,P1=d, PB2="
On+3 = Pn+2 + Pn+1 + Pn

Bn+3 = On+2 T On+1 t+ Ol (131)

where, a, b, ¢, d, e, f are real numbers.

First we shall study the properties of the sequence {o;}”, and {8;}*, defined by

equation (1.3.1). The first ten terms of the sequences defined in equation (13.1) are

shown in table below :

n Ot Pn

0 |a b

1 |c d

2 |e f

3 |b+d+f atc+e

4 |a+c+e+f+d b+c+d+e+f

5 |a+b+2c+d+2f+2e a+b+c+2d+2e+2f

6 |[2a+2b+3c+3d+4e+3f 2a+2b+3c+3d + 3e + 4f

7 |3a+4b+5c+6d+6e+7f 4a+ 3b + 6¢ + 5d + 7e + 6f

8 |7a+6b+10c+ 10d + 11le + 12f 6a+ 7b + 10c + 10d + 12e + 12f
9 12a + 12b + 18c + 18d + 22e + 22f | 12a+ 12b + 18c + 19d + 21e + 22f




Theorem — 1 : For every integern >0
(@  o4n+ Po=Pan+ o

(b)  ounttt Pr=Pantt + a1

(©)  oun2t P2=Pans2+ a2

(d)  ounez+ P3=Pansa+ oz
We prove the above results by induction hypothesis.
Proof of (a) : If n =0 the result is true because —
0o + Bo = Po + alo
Assume that the result is true for some integer n > 1.
Now by equation (1.3.1) we can write —
O4n+s + Bo = Pan+s + Pant2 + Pan+s + Po
= O4n+2 + Oan+l + oan + Bans2 + Pantt + Po
= O4n+2 + Oan+l + Pans2 + Pantt + dan + Po
= Oun+2 + Aan+1 + Pans2 + Panst + Pan + oo (Dy ind. hyp.)
= Oun+2 + dan+1 + 0un3 + oo (Byeq. 1.3.1)
= Ol4n+3 + Qan+2 T Ol4n+1 + Oo
= B+ + 0o (By €q. 1.3.1)
Hence the result is true for all integers n > 0.
(b) : If n =0 the result is true because a1 + Bz =P1 + a1
Assume that the result is true for some integer n > 1.
Now by eqgn. (1.3.1) we can write —

04n+s + B1 = Pan+a + Pan+tz + Pant2 + P1



= Oun+3 + Olans2 + Oan+t + Bansa + Pans2 + B1 (By €0.1.3.1)
= 04n+3 + Oan+2 + Pantz + Pansz + oan+t + P1
= 04n+3 + dan+2 + Pan3 + Pant2 + Pantt + o (By ind. hyp.)
= 04n+3 + aan+2 + oans + o (By eq. 1.3.1)
= Oun+s t O4n+3 + Olan+2 + 01
= Banss + a1 (By eq. 1.3.1)
Hence the result is true for all integer n > 0.
(c): If n =0 the result is true because o + B2 = s + a2
Now from eqn.(2.3.1) we can write —
Oan+6 + B2 = Pan+s + Pan+a + Panes + P2
= Olan+s + 0ans3 + 0an+s2 + Bantsa + PBansz + B2 (By eg. 1.3.1)
= O4n+4 + O4ne3 + Bants + Pansz + ouni2 + P2
= Ol4n+s + O4n+e3 + Bants + Panss + Pan+2 + a2 (By ind. hyp.)
= Ol4n+4 + a4n+e3 + oanes + o2 (By eq. 1.3.1)
= 0un+3 T Oan+a + Olanss + 02
= Banss + a2 (By eq. 1.3.1)
Hence the result is true for n > 0.

(d) : If n =0 the result is true because a7 + B3 = B7 + as

Now from eqn.(2.3.1) we can write

0an+7 + B3 = Pan+e + Pan+s + Pan+a + B3
= Qan+s + Oants + Oanes + Panss + Panea + B3 (By €q. 1.3.1)

= O4n+s + Oan+s + PBants + Pants + 0anss + B3



= Qn+s + Oanta + Pants + Pana + Panss + B3 (By Ind. hyp.)
= Ol4n+5 + Oun+a + aunss + B3 (By eq. 1.3.1)
= Ol4n+6 T Olan+s + Qan+s + B3

= Ban+7 + B3 (By eqg. 1.3.1)
Hence result is true for n > 0.

Some results for particular value of sequences {ai} and {Bi} defined in equation
(1.3.1).

24  RESULTS

Result I:
4K+2
(1) ForK=0, ouka= > Bi+Pi+p2
i=0
4K+2
(2) ForK=1, ouk+= Z Bi+Pr+Patoas
i=0
Result I1:
4K
(1) ForkK=0, > ai-Bi=o0-Po
i=0
4K
(2) ForK=1, > oi-Bi=ao-Po
i=0
4K
(3) ForK=2, Z i - Bi =ow - Po- o
i=0

Result 111: Relationship between sequence defined in (1.3.1) and Fibonacci numbers :
(1)  an+3+ PBnez = Fnet (00 + Po) + Frez (o1 + B1) + Frez (a2 + B2) - oo - Po

above result is true for n = 0.
(2)  an+3+ Pres = Fnet (00 + o) + Frez (0 + Br) + Frez (02 + B2)

above resultistrueforn=1,n=2.



(3) On+3 + Bn+3 =Fna (OLO + BO) + Fne2 (061 + Bl) + Fnes ((XZ + BZ) - 0o - BO +o1+ o -
o2 - B2
above result is true for n = 3.

2.5 PARTICULAR CASES

(1) Ifwetakeao=1, a1=2, a2 =3and o =3, B1 =2, B2 = 1 then with the help of

equation (1.3.1) we get the sequences {ai} and {Bi} in the following form :

Table - 2
n Qn Bn
0 1 3
1 2 2
2 3 1
3 6 6
4 9 11
5 18 18
6 35 33
7 62 62
8 113 115
9 210 210

By induction we can show the following results from the Table above:

(@  oant Po=Pant ao
(b) Oan+1 + B1 = Pan+t1 + o
(€)  ouane2+ P2=Panczt a2

(d) O4n+3 + B3 = Pan+z + 03
(2) Ifwetakeop=1, a1=2,02=3
andBo=1,B1=2,B2=3

Then with the help of equation (1.3.1) we get the sequences {ai} and {Bi} in

the following form :



n Qln Bn
0 1 1
1 2 2
2 3 3
3 6 6
4 11 11
5 20 20
6 37 37
7 68 68
8 125 125
9 230 230

In Table 3 sequence {ai} and {Bi} coincide with each other because of the

reason that we set initial values —

0o = Bo, a1 = P1, o2 = P2

o0

In this case sequences {ai} and {Bi} also coincide with the sequence {Fi }i=0’

which is generalized Fibonacci sequence which is defined by the recurrence

relation.
Fres = Fne2 + Fper + Fo

where, Fo = oo, F1 = a1, F2 = ao.
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