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Abstract:

Samuelson (1970), have studied a law of conservation of the capital-output ratio.
After that, Isvoranu, and Udriste (2006), locate fluid flow versus Geometric Dynamics and
achieved from flows and metrics to dynamics and winds. Also, Gay-Balmaz, Holm and Ratiu
(2009) stumble on Geometric dynamics of optimization. In this paper, the author calculated
decomposable single-time and multi-time dynamics on Riemann-Kaehlerian manifolds and
disintegrate the second order partial differential equations (PDESs) like created by multi-time
flows and pairs of multi-time dynamics.
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1. Introduction:

The single-time dynamics we identify with an ordinary differential equation related to
Newton second law. A multi-time dynamics is explained by a second order elliptic partial
differential equation. This is significant to highlight the subsistence of decomposable
movements and the necessary and sufficient conditions in which the decomposition obtains
position. Any ordinary differential equation is malformed addicted to a one-flow or any
partial differential equation is malformed addicted to an m-flow in any satisfactorily huge
dimension. The geometry of space converts the one-flow addicted to a geodesic motion in a
gyroscopic field of forces. The geometry of two spaces (source, target) changes the m-flow
(or integral manifolds of an m-distribution) into harmonic maps deformed by gyroscopic field
of forces [Udriste (2005); Udriste and Bejenaru (2012)]./////

The Equations of mechanics may appear different in form: x(t) = X(x(t)), as they
often involve higher time derivatives, but an equation that is second or higher order in time
can always be rewritten as a set of first order equations. The ordinary differential equations of
the form F(x(t),x (t),%(t),X(t)) = 0 which contain third order derivatives in them are
sometimes called jerk equations. It has been shown that a jerk equation is in a mathematically
well-defined sense the minimal setting for solutions showing chaotic behaviour. A jerk
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equation is equivalent to a system of three first-order ordinary non-linear differential
equations

1(6) = y(0), y() = 2(0), 2(t) = B(x(8), y(8), (D).
This motivates a least squares Lagrangian of interest in jerk systems, namely
2Ly = (@O —y(©)* + (@) —z(t)* + @@®) — B(x (1), y(1), 2(D)))?

on the jet space of coordinates (t,x,y,z x,y,2),and its associated geometric dynamics
(Euler-Lagrange equations)

Z-0)0,+%x—y=0,zZ—0)0, +y—2=0,
(z—-0)0, + D.(z—0)) =0.

More generally, being given n Lagrangians:

Li(t,x(t),a'c(t)), i=1,n x(t) = (xl(t), ....,x”(t)), tel CR,

the associated least squares lagrangian with respect to the Riemannian metric g;; (x) is

1 . :
L=g; (x(O)LH(t, x(8), x(O)) L (£, x(2), ().
The extremals are solutions of the Euler-Lagrange ordinary differential equations system.

1ogy , . 0L oL
EWLL +gijLﬁ_Dt gijLW = 0.

If the Langrangian L' is associated to ordinary differential equations Li(t,x(t),x(t)) =0,
then the extremals contain the solutions of that equation and the dynamics is decomposable
[Mihlin (1983); Stefanescu and Udriste (1993); Furi (1995); Treanta and Udriste (2013)].

Let u(x, t) be the density of the diffusing material at location x e R™ and time t € R.
Let g¥ (u(x, t),x),i,j = 1,n, be the collective diffusion coefficient (matrix) for density u at
location x. The diffusion partial differential equations is:

ou — 0 (i ou
E(x, t) = Py (g” (u(x, t),x) ™ (x,t).

If the diffusion coefficient depends on the density, then the diffusion equation is nonlinear,
otherwise it is linear. More generally, when g7 (u(x, t), x is a symmetric positive definite
matrix (Riemannian metric), the equation describes anisotropic diffusion [Arnold (1969);
Chorin and Marsden (2000); Udriste and Teleman (2004)].

The diffusion partial differential equations is equivalent to the first-order non-linear
partial differential equations

ou ou a i
oxJ i ot doxt (g vj)'

Where the parameter of evolution (x,t) is (n+ 1) dimensional. A Riemannian metric
hY (u(x, t), x) produces a least squares Lagrangian
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On the jet space of coordinates (x,t,u, v,u,, u,, v, v,). It appears the associated geometric
dynamics (Euler-Lagrange equations)

lah"f'(au )(au )+<au ) a (dgy

2w \ax U)o ) G T e @) "\ B v
o (25 -0) -0 (- ) -o
x! o) U at al(g v)) =

Or g™ D, m (g—;(glfv )) = 0.

Again, Let T be an orientable manifold with the coordinates t = (t%, ....,t™) and M
be a manifold with the coordinate x = (x1,....,x™). Using m vector field X, (t, x) of class
c®onT X M, we introduce the distribution described by pfaff equations

dx'(t) — X, (t,x)dt* =0,i=1,n, a =1,m.

Using some metric tensor h,g, (t), g, (t), and the components %(t)—xé(t,x) of the
pullbacks, we build the least squares Lagrangian (non-decomposable dynamics).

L= %gij hoF (ZF (t) — XL (¢, x)) (g% (t) — Xé (t,x)) ’det(haﬁ) >0

Suppose the integral manifolds of the distribution have the dimension 1 < p < m. Then we
can introduce another least squares lagrangian constructed from ODES/PDEs that describes
the integral manifolds and the action is an integral with the volume element on the p
parameters which define the integral manifold (decomposable dynamics) [Schubert and
Counselman et al. (1977) ; Udriste and Udriste (2006)],

More generally being given n m Lagrangians

L, (t,x(t),xy(t)),i =1,n a=1m x(t) =

(xi(t), ....x"(t)),t =L ...,.t") el cT,

then the associated least squares Lagrangian density with respect to the Riemannian metrics
9ij (x)h% (t), h* () is

£=1 g, (@) (DL, (6,20, x,©) 1, (6,20, %, ).

If T c R™, the extremals are solutions of the Euler-Lagrange PDE system

10g; } oLy oL
23k heB Ll L +gl,h“/3Lla——D gijhaBUa@ =0.



If the Lagrangian L, is associated to the PDE L. (t,x(t),x,(t)) = 0, then the extremals

contain the solutions of that equation and the dynamics is decomposable. The ingredients
needed to solve these problems are the Riemannian metrics, techniques of least squares
Lagrangians and the idea of dynamics transversal decomposition [Lovelock and Rund
(1975)].

2. SINGLE-TIME GEOMETRIC DYNAMICS ON RIEMANN-KAEHLERIAN
MANIFOLDS:

Let M be a differentiable manifold and I € R be a nontrivial interval. A (time
dependent) non-autonomous first order differential equation on a manifold M is given by
assigning, on an open subset V of R X M, a non-autonomous C* vector field X:V — R",
which is tangent to M for all t € R. That is, for any all t € R, the map X;:V, — R", given by
X.(x) = X(t,x), is a tangent vector field on the (possibly empty) open subset . V, =
{xeM|(t,x) eV}of M. In other words, X(t,x) e T,M for each (t,x) eV and the first
order differential equation associated to X is defined by [Furi (1995)]:

x=X(tx),(tx)eV. (2.1)

A solution of the differential Equation (2.1) is a C' map x:1 - M, such that, for all ¢ €
L (t,x(®) € Vand x(t) = X(t,x(t)) identically on I. In the case of Cauchy problem, a
solution of the ODE (2.1), which satisfies the initial condition x(t,) = x,. Then the solution
of this Cauchy problem exists and it is unique.

Let F:R XTM — R™ bea C* map. An equality of the type:
x =F(tx,x),(tx,x) € RxTM. (2.2)

is called a (time dependent) second order differential equation on M, provided that the
associated vector field [Furi (1995)]:

G:RXTM - R" X R",G(t,x,y) = (y, F(t,x,y))

is tangent to TM, i.e., (y, F(t,x,y)) € T, TM for all (t,x,y) € R X TM. A solution of the
differential Equation (2.2) is a C? curve x:I — R™, in such a way that x(t) € M and
x(t) = F(t,x(t),a’c(t)), identically on I. In the case of The Cauchy problem, a solution of
the ODE (2.2) which satisfies the initial conditions x(t,) = x,, x(t;) = v. Then the
solution of this Cauchy problem exists and it is unique. If we use the components, the
relations (2.1) and (2.2) are called respectively first order and second order ODE systems.

Now, We start with the triple (M, g, X), where M is a manifold of dimension
n,gx) = (gi]- (x)),i,j =1,....,n,is a Riemannian metric and X(t,x) = (X‘(t,x)) a time
dependent C* vector field, on the manifold M. Suppose the Levy-Civita connection V of
(M, g) has the components Gj, ,i,j, k = 1,....,n.

Definition 2.1. We use the notations:

; ; - ; 1
F). — (I:}_l)' F}-l — Vle _ glhgijth. f — Eg(X;X)-



A function F: R x TM — R™ is said to be generated by the pair (X, g) if it is of the form:
F = —Gy i/ i* + F¥/ + Vf+ X,

If F is generated by X and g, then the ODE (2.2) represents a single-time geometric dynamics
or a geodesic motion in a gyroscopic field of forces. By analogy with the reduction of the
force system in mechanics, resultant and momentum, the decomposition of the set of
solutions returns to the flow and the movement in the gyroscopic field of forces [Udriste
(2000); Udriste (2004); Udriste (2005); Isvoranu, and Udriste (2006) and Udriste and
Bejenaru (2012)].

Theorem 2.1. If F:R X TM — R™ is generated by the pair (X, g), then the set of maximal
solutions of ODE (2.2) is decomposable into a subset corresponding to the initial values

x(to) = xo, x(tg) = X(to, x(to)),

solutions which are reducible to solutions of the ODE (2.1), and a subset of solutions
corresponding to the initial values

x(ty) =xo,  x(tg) =W # AX(t, x(ty)), A>0,
transversal to the solutions of the ODE (2.1). The converse is also true.

Proof. We have from existence and uniqueness theorem, each solution x = x(t) of any
second order continuance of first order ODE system has the property:

x(to) = X(to, x(t0)) = x() =X(t, x()),VtelL

A flow X and a Riemannian metric g determine a least squares Lagrangian:
N1 .
L(t,x,x)= Eg(x —X(t,x),x —X(¢, x)).

The Euler-Lagrange ODEs represent a geometric continuance of the flow. The Euler-
Lagrange ODEs constitute just a decomposable dynamic geodesic motion in gyroscopic
fields of forces equivalent to set of flow trajectories with set of transversal trajectories
imposed by the geometry of the space.

Theorem 2.2. Suppose that X is an autonomous vector field. If the function F:TM — R™ is
generated by X and g, then the set of maximal solutions of ODE (2.2) divides into three parts
i.e. Curves [x(t), H(x(t))] =const =0;> 0; < 0.

Proof. We have from Hamiltonian:
1 1 .
Hx0) =5g(k—X(tx),  2-X(tx) = E(g(a'c,x) —g(X, X)) = H(x,%),
and the connected Hamilton ODEs. The curves x(t) with H(x(t)) = const = 0 are

solutions of ODE (2.1). The solutions with H(x(t)) = const # 0, are transversal to
solutions of ODE (2.1).



If any normal ODE generates in the phase space a flow, which together with the phase
space geometry gives a geometric dynamic. This statement is true for any ODE, but then
appears a flow with constraint.

Let us consider the operators (M, X, g,I"), where M is a Riemannian manifold, X is
a flow on M, g is a fundamental tensor field and I" is a symmetric connection (derivation).
The operators (X, g, I') generates an extended geometric dynamic on M determined by ODEs.

i i ' > axi ; .
#(©) = (88 — 91y 9" )X (£) + - g1y 9" X" X

On the Riemannian manifold ((0,), g(x) = 1), let us take the flow x = 1. We
attach the least squares lagrangian L, = (x — 1)?, with Euler-Lagrange equation ¥ = 0. On
any other Riemannian manifold ((0,), g(x)), we find the least squares Lagrangian

L, = g(x)(x — 1)?, with Euler-Lagrange equation ¥ = %(1 —x)(1+ x). Here, I'(x) =

% is a linear connection. We can extend the previous ODE to the ODE system:

21(t) = ah(x (@) + al (x(0))% (©) + by (x (D)% (Ox*(©), i),  k=1,..,n,
with possible disorder in velocities.

Now, Let M be a differentiable manifold of dimension n and I ¢ R be a nontrivial
interval. If the ODE system (2.2) is an Euler-Lagrange system on M for a regular
Lagrangian L(t, x,x), then there exists a fundamental tensor field g = (gij) on TM such
that:

1 0%
94 (6203 = 55550

Conversely, given g;; (t,x,%), to determine L(t,x,x), we need complete integrability

conditions. In these conditions, using two successive curvilinear integrals of the second type,
we can write

L(t,x, %) =f i

yrox VO

(t,x,x),i,j=1,...,n.

.95 (@, x,x)dx'dx) + a;(t,x)x" + b(t, x).

The pair (M, g) is called a Lagrangian manifold.

Theorem 2.3. If u is positive, then the motion described by the Hamiltonian H =
%g()'c, x) —u(x) is generatedby a flow and a Riemannian metric.

Proof. Let us show that the movement of planets and motion in closed Newmann economical
systems are generated by flows and Riemannian metrics. Given a function u(x), x € M and a

Riemannian metric g on M, let us consider the Hamiltonian H = %g(a’c,fc) — u(x) [Udriste
(2004)]. If u(x) > 0, then the vector field X(x) = =,/2u(x) E(x) (Galileiformula), where E

IS an arbitrary unit vector field with respect to the metric g, satisfies g(X,X) = 2u(x).
Consequently such a Hamiltonian, equal to the difference between the kinetic energy and a



positive function, is coming from a vector field (flow) and a Riemannian metric,
corresponding to a perfect square Lagrangian.

3. MULTI-TIME GEOMETRIC DYNAMICS ON RIEMANN-KAEHLERIAN
MANIFOLDS.

We start with an operator ((T, h), (M, g), X,,), where:

(i) (T, h) is an oriented Riemannian manifold (source space) of dimension m, with
local coordinates t = (t%), a = 1, ..., m, metric tensor hqps and Christoffel symbols H;;‘y .

(i) (M,g) is a Riemannian manifold (target space) of dimension n, withlocal
coordinates x = (x!), i =1, ..., n, metric tensor g;; and Christoffel symbols G}, .

(i) X,(t,x)=(Xi(t,x)),a=1,..,m;i=1,..,n are C* vector fields on M,
dependent on (t, x)which define the first order PDE system:

22 (1) = X, (t,x(D)). (3.1)

at®
Theorem 3.1. The Cauchy problem consisting in the PDE system (3.1) and the initial
condition x(t,) = x, has a unique solution (existence and uniqueness), if and only if the
system is completely integrable. An equality of the type:

%x

af
h atroth

(©) = F (£,x(8),x, (1)), (t,x,x,)]" € (T, M) (32)
is called a (time dependent) second order elliptical PDE (system) on M.

Proof: Let I': G(t) = 0 be a hypersurface in T, containing the point t, and A(t) be a unit
vector field along T, transversal (non-tangent) to I" . Denote ¢, (t) and ¢, (t) as vector
functions with n componentson T, the first being of class C! and the second of class C°. The
Cauchy problem attached to PDE (3.2) [Mihlin(1983)] and find in an unilateral
neighbourhood of T, the solution of the PDE (3.2) satisfying the Cauchy conditions:

x(OI = @o(6), Dx(OI = ¢1(0). (3.3)
Hence the solution of this Cauchy problem exists and it is unique.

We know the Cauchy conditions, one can find the values of all first order partial
derivatives of the function x(t) on the Cauchy surface T, firstly,

ox B a(po
atel oo

(t),o=1,..,m—1

and then the equalities:

dx
0:1(t) =D, x(V)|r = 31

Together with A™ # 0, give

(OA* (@),

7 (Ol = s [91(0) = T 22 () A ()]



The initial conditions (3.3) are equivalent either to the initial conditions:

XD = 9o (D), 2 (8)|; = W, (¢) and

6tm

x()|r = QDO(t) (t)|r W, (), a = ,m.

ot
with the complete integrability conditions and the compatibility condition to ¢

The multi-time geometric dynamics was introduced in our papers [Udriste (2004),
(2012)] like Multi-time World Force Law involving field potentials (components of the d-
tensor), gravitational potentials (components of the two Riemannian metrics), and the Yang-
Mills potentials (components of the Riemannian connections and the nonlinear connection).
This evolution can be called also harmonic maps deformation in a gyroscopic field of forces.

Definition 3.2. Using the vector field X,, the metric tensor h,z g;;, and the Christoffel
symbols Hg,, G/, we define:

i i ih k 1 ap iy
P}azvaa_g gijth' f=§h ginaXﬁ

and
i i

vxt = 2%y gk DpX, =
jha = gxi T kSar 6 aXJ

HV XL.

The function F:J*(T,M) — R™ is said to be generated by the operator (X,, h, g) if it is of the
form:

F = h® (=Gyxlxf + Hlgx, + Fox} + g1y (VXE)X) + DgX,,).

Theorem 3.2. If F:J1(T,M) —» R™ is generated by the triplet (X,,h, g) then the set of
maximal solutions ofPDE (3.2) is decomposable into a subset corresponding to the initial
values

x()|r = (Po(t) 3ra (t)|r = X, (t,x(1)),

solutions which are reducible to solutions of PDE (3.1), and a subset of solutions
corresponding to the initial values:

x(O)|r = <po(t) pY = (O = W, () & KX, (t, x(t)},
transversal to the solutions of PDE (3.1). The converse is also true.

Proof. Each solution x = x(t) of any second order prolongation of the first order PDE
system has the property: X, (to) = X, (to, x(t,)) implies X, (t) = X, (¢, x(t)),vt € T.

Any m-flow X, and two Riemannian metrics h and g determine a least squares Lagrangian
density:

L(txx,) = %h“ﬁgij (xi, — x,(t,x)) (xi3 — x;; (t, x)).

The Euler-Lagrange PDEs represent a prolongation of the m-flow and just a decomposable
dynamics.



Again, normal PDE generates in the phase space a multidimensional flow, which together
with the phase space geometry gives a geometric dynamic. This statement is true for any
PDE, but then appears a multidimensional flow with constraints.

Let us consider the operator (T, h,H), where T is a Kaehlerian manifold, h is a
fundamental tensor field and H is a symmetric connection (derivation). We add the operator
(M,X,,g,G), where M is a Kaehlerian manifold, X, is a m-flow on M, g is a fundamental
tensor field and G is a symmetric  connection  (derivation).  The
quintuple (X,; h, H; g, G) generates an extended geometric dynamic on T x M.

References:

1. lIsvoranu, D.; Udriste, C. Fluid flow versus Geometric Dynamics. BSG Proceed. 2006,
13, 70-82.

2. Udriste, C. Geometric Dynamics; Mathematics and Its Applications (Book 513);
Kluwer Academic Publishers: Dordrecht, The Netherlands, 2000.

3. Udriste, C. Geometric Dynamics. SEA Bull. Math. 2000, 24, 313-322.

4. Udriste, C.; Postolache, M. Atlas of Magnetic Geometric Dynamics; Monographs and
Textbooks 3; Geometry Balkan Press: Bucharest, Romania, 2001.

5. Udriste, C.; Ferrara, M.; Opris, D. Economic Geometric Dynamics; Monographs and
Textbooks 6; Geometry Balkan Press: Bucharest, Romania, 2004.

6. Udriste, C.; Ciancio, A. Linearized Geometric Dynamics of Tobin-Benhabib-Miyao
economic flow. Balkan J.Geom. Appl. 2004, 9, 125-130.

7. Udriste, C. Geodesic motion in a gyroscopic field of forces. Tensor. New Ser. 2005,
66, 215-228.

8. Udriste, C.; Bejenaru, A. Invex energies on Riemannian manifolds. In Dynamical
Systems and Methods; Luo, A.C.J., Machado, J.A.T., Balenu, D., Eds.; Springer-
Verlag: New York, NY, USA, 2012; pp. 191-214.

9. Palis, J., Jr. Geometric Dynamics: Proceedings of the International Symposium, held at
Instituto de Matematica Pura eAplicada, Rio de Janeiro, Brasil, July—August 1981;
Springer-Verlag: Berlin, Germany, 1983.

10. Gay-Balmaz, F.; Holm, D.D.; Ratiu, T.S. Geometric dynamics of optimization.
Commun. Math. Sci. 2009, 11.

11. Stefanescu, S.; Udriste, C. Magnetic field lines around filiform electrical circuits of
right angle type. U.P.B. Sci. Bull. Ser. A 1993, 55, 3-18.

12. Treanta, S.; Udriste, C. On Auto-Parallel behaviour of some special plane or space
curves. In Proceedings of the 17th International Conference on Systems, Control,
Signal Processing and Informatics (SCSI’13), Rhodes Island, Greece, 16-19 July
2013; pp. 90-94.

13. Furi, M. Second order differential equations on manifolds and forced oscillations. In
Topological Methods in Differential Equations and Inclusions; Springer: Dordrecht,
The Netherland, 1995.

14. Mihlin, S.G. Linear Partial Differential Equations; Encyclopedic and Scientific
Editorial House: Bucharest, Romania, 1983.



15.

16.

17.

18.

19.

20.

21.

22.

Udriste, C.; Teleman, A.M. Hamiltonian approaches of Field theory. IIMMS 2004, 57,
3045-3056.

Arnold, V.l. Hamiltonian nature of Euler equations of rigid solid and ideal fluid
dynamics. Uspehi Matem. Nauk. 1969, 24, 225-226.

Chorin, AJ.; Marsden, J.E. A Mathematical Introduction to Fluid Mechanics;
Springer-Verlag: New York, NY, USA, 2000.

Udriste, C.; Udriste, A. From flows and metrics to dynamics and winds. Bull. Cal.
Math. Soc. 2006, 98,389-394.

Schubert, G.; Counselman, C.C. et al. Dynamics, winds, circulation and turbulence in

the atmosphere of Venus. Space Sci. Rev. 1977, 20, 357-387.

Lovelock, D.; Rund, H. Tensors, Differential Forms, and Variational Principles;

Wiley: Hoboken, NJ, USA, 1975.

Samuelson, P.A. Law of conservation of the capital-output ratio. Proc. Nat. Acad. Sci.
USA 1970, 67,1477-1479.

Samuelson, P.A. Law of conservation of the capital-output ratio in closed von
Neumann systems. InConservation Laws and Symmetry, Applications to Economics
and Finance; Satao, R., Ramachandran, R.V., Eds.;Springer: Dordrecht, The
Netherland, 1990; pp. 53-56.



