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1 Introduction

The theory of Graphs is now branched off in various directions. Decomposition of graphs, Theory of
Domination, Chromatic Graph Theory, Algebraic Graph Theory, Labeling of Graphs, Enumeration of Graphs are
just to name a few. Further we have an enormous number of conjectures and open problems in graph labelings.
For an excellent and up to date dynamic survey on graph labeling we refer to Gallian[4]. All the graphs considered
here are finite and undirected. The terms not defined here are used in the sense of Harary [3].

1.1 Graceful labeling on graphs

Initiation of graph labeling were taken in 1960°s. Tremendous work of literature has to been developed
around graph labeling over the most recent couple of years. It also provides a mathematical structure with a broad
range of application.

The utilization of labeled graph models require imposing of additional constraints which characterize
the problem being investigated. To label the graphs, we have several variations for labeling such as graceful,
harmonious mean, heron mean, sequential, magic, vertex total magic, cordial, k-equitable, radio, and many other
have been introduced by several authors. These all techniques are motivated by real life problems.

The name ”Graceful Labeling” is because of Solomon W. Golomb and this type of labeling was first
given by the name beta labeling” by Alexander Rosa in 1967.

Definition 1.1. Let G be a graph of order p and size g. A graceful labeling of G is an injection f : V — 0,1,...,q
such that when each edge uv is assigned the label f+(uv) = [f(u)—f(v)|, the resulting edge labels are all distinct.
Such afunction f+is called the induced edge function and a graph which admits such a labeling is called a graceful
graph.

The following results are due to Golomb[15]:

1. A necessary condition for a (p,q)-graph G(V,E) to be graceful is that, it be possible to partition its vertex set
q
V (G) into two subsets Voand Vesuch that there are exactly [2W
one of V..

edges each of which joins a vertex of Vowith

2. A complete graph Ky is graceful if and only if p <4.
3. The following results are due to Rosa[16]:
* Acycle C,of order n is graceful if and only if n =0 or 3(mod 4).

« A friendship graph Fyon k triangles is graceful if and only if n =0 or 1(mod 4).

o If G is a graceful eulerian graph of size g, then g =0 or 3(mod 4).
One of the still unsolved problems on graceful graphs is the now famous Ringel Kotzig Conjecture
[19, 38, 48]

4. Conjecture: All trees are graceful.

Motivated by the notion of graceful labeling of graphs, a labeling called pronic graceful labeling is
discussed in this work.



2 Graceful labeling using pronic numbers

Definition 2.1. Pronic Number:

A pronic number is a number which is the product of two consecutive integers, that is, a number of the
form n(n + 1). The study of these numbers dates back to Aristotle. They are also called oblong numbers,
heteromecic or rectangular numbers. The n pronic number is the sum of the first n even integers. From the
definition, it is seen that all pronic numbers are even, and the only prime pronic number is 2. Also the only pronic
number in the Fibonacci sequence is 2.

Va3

[ 6]

Figure 1: Zamfirescue Graph-Pronic Graceful

Note 2.2. A pronic number is squarefree if and only if n and n + 1 are also squarefree. The number of distinct
prime factors of a pronic number is the sum of the number of distinct prime factors of n and n+1. 0, 2, 6, 12, 20,
30, 42, 56, 72, 90, 110, 132, 156, 182, 210, 240, 272, 306, 342, 380, 420, 462 are few among them.

Definition 2.3. Pronic Graceful Labeling:

Let G(p,q) be graph with p > 2. A pronic graceful labeling of G is a bijection f: V (G) — {0,2,6,12,....p(p
+ 1)} such that the resulting edge labels obtained by |f(u) — f(v)| on every edge uv are pairwise disjoint. A graph
G is called pronic graceful if it admits pronic graceful labeling.

Example 2.4. An example for a graph which admits pronic graceful labeling is given in 1

In this chapter, the pronic graceful labeling on graphs with some graph operations have been discussed.

2.1 Main theorems

Theorem 2.5. Cycle graph Cn, n >3 is a pronic graceful graph

Theorem 2.6. Star graph Ky, n > 3 is a pronic graceful graph.



Theorem 2.7. Path graph Py, n > 3 is a pronic graceful graph.

Theorem 2.8. Path graph Py, n > 3 is a pronic graceful graph.

Theorem 2.9. Complete graph Ky, n > 4 does not admit pronic graceful labeling.
2.2  Wheel related graphs

Theorem 2.10. The wheel graph K; + Cy, n >4 admits pronic graceful labeling.

Theorem 2.11. Gear graph G, admits pronic graceful labeling

Figure 3: Gs Graph

Proof : Let v, be the apex vertex and { vo,v1,V2...,vn-1} be the rim vertices of Gn, n > 3 and {vivi+1,i = 0,1,...n —
2 Vn-1Vo,VnVi,i = 0,2,4,...,n — 2 be the edges of Gi.
Define a bijection f: V (G) — {po,p1,....pn-1} by

f(vi) =pii=0,1,2,...,.n—-1 f(vn) = pn.
For the vertices labeled above, an induced function f*: E(G) — {2,4,6...,pn-1} is defined by
f(vivis) = 2(i + 1),i = 0,1,2,...,n — 2;
f(vavi) =n(n + 1) —i(i + 1),i = 0,2,4,...n = 2;
f*(Vovn-1) = (n — 1)n.
Let A;and A, denote the set of edge labels of {vivi+1(0 <i<n—2),vaavo}, {Vivi+1,i =0,1,2,...,n — 2}. Then:

A1={246,..2(n-1),n(n—-1)};

Ax={n(n+1),n(n+1)—6,n(n + 1) — 20,...4n — 2}.
Hence A1 N A, = ¢ which results that the gear graph admits pronic graceful labeling.



Theorem 2.12. Helm Graph HG,, admits pronic graceful labeling
Proof : Let v, be the apex vertex and { vo,v1,V2...,Vn-1} be the rim vertices of HGy, n> 3. Let {vjvisy,i=n,n +1,...2n
— 2,VnVan-1,VonVi,i = n,n + 1,...2n — 1 be the edges of HG.
Define a bijection f : V (G) — {po,p1,...,p2n} by
f(vi) =pii=0,1,2,...,.n—1 f(van) = pan.

For the vertices labeled above, an induced function f+: E(G) — {2,4,6...,pn-1} is defined by

fe(vivisr) =2(i+ 1),i=n—-1nn+1n+2..2n-2;
fr(vanvi) =3n*—(n+1)i—1,i=0,1,2,..n— 1;
fr(ViVisne2) = Prer + 2i(n + 1),i =0,1,2,...,n — 2;

f*(VnVZn—]_) = 3n2 - 3!’1

Figure 4: Helm Graph

Let Ajand A denote the set of edge labels of {vivi+1(0 <i<n—2),vp1Vo}, {ViVix,i =0,1,2,....n — 2}. Then:

A1={246,..2(n—1),n(n—-1)};

A={n(n+1),n(n+1)-6,n(n+1)—20,..4n — 2}.
Hence A1 N A= ¢ which results that the helm graph admits pronic graceful labeling.

2.3 Ladder Graph and Mobius Ladder Graph

Definition 2.13. Ladder Graph Ln1

The ladder graph, denoted by L, is a planar undirected graph which is defined as the cartesian product
of two path graphs, one of which has only one edge: Ln,1 = P, XP,with 2n vertices and 3n—2 edges.

Theorem 2.14. Ladder graph Ly 1 is pronic graceful.

Proof : Let L1 be the ladder graph with vertex set V (Ln1) = {ui,vi,0 <i<n— 1} and edge set
E(Ln1) = {uilis,Vivie,0 <i <n =2} U {uvi,0 <i<n-—1}.



Define a bijection f : V (G) — {po,p1,...,P2n-1} by
f(ui) = pi,i = 0,1,2,...,n — 1;f(vi) = pisn,i =0,1,2,...,n — 1.
For the vertices labeled above, an induced function f+: E(G) — {2,4,6...,pn-1} is defined by

f*(uiuier) =2(i +1),i=0,1,2,....n— 2;
f*(vivin) =2(n+i+1),i=0,1,2,...n - 2;
f(uivi)) =+ n(1 + 2i),i=0,1,2..n — 1.

Let A;, A2and Az denote the set of edge labels of {ujui+1(0 <i<n—2)}, {vivi«1,i =0,1,...n— 2} and

{uivi,i =0,1,...n—1}. Then:

A1={2/46,..2(n—1)};
Ar={2(n+1),2(n +2),...,2(2n — 1)}; As= {n?+ n,n?+ 3n,....n(3n — 1)}.

Hence A1 N A2 = ¢ which results that the ladder graph admits pronic graceful labeling.
O

Definition 2.15. Mobius Ladder Graph M,
A Mobius ladder graph My is a simple cubic graph on 2n vertices and 3n edges. A Mobius ladder graph
M is a graph obtained from the ladder PP, by joining the opposite end points of the two copies of Pi.

Theorem 2.16. Mobius Ladder Graph M, is pronic graceful.

Proof : Let M, be the Mobius Ladder graph with vertex set V (Mn) = {u;,vi,0 <i < n — 1} and edge set
E(Mn) = {uiui+1,vivi+1,0 <i < n— 2} U {uovn-1,voun-1}.
Define a bijection f : V (G) — {po,p1,...,.p2n-1} by

f(u) = pi,i =0,1,2,...,n — L;f(vi) = pi+n,i =0,1,2,....n — 1.
For the vertices labeled above, an induced function f+: E(G) — {2,4,6...,pn-1} is defined by
f(uiuis) = 2(1 +1),i = 0,1,2,....n — 2; f*(Uovn-1) = 2n(2n — 1);
fr(vivisr) =2(n + 1+ 1),i=0,1,2,....,n — 2;
f(Voun-1) = 2n; f(uivi) = n?+ n(1 + 2i),i =0,1,2...,n — 1.

Let A1, Ay, Asand A4 denote the set of edge labels of {uiui+1(0 <i<n—2)}, {ViViss,i =
0,1,...n =2}, {uivi,i =0,1,...n — 1} and {uoVn-1,Voun-1} Then:

A= {2,46,...2(n—1)};
A={2(n+1),2(n +2),...2(2n - 1)};
Az={n?+n,n?+ 3n,..,n(3n — 1)}; As= {2n(2n - 1),2n}.

Hence AiN Aj= ¢ for all i # j which results that the mobious ladder graph admits pronic graceful labeling. [

2.4 Shell related graphs

From the excellent survey of Gallion, one can find many families of cycle related graphs on
which important is the Shell graph family.



Shell Graph
Theorem 2.17. A Shell Graph C(n,n — 3), for n >3 is a pronic graceful graph.

Proof : Let { vo,v1,V2...,Va-1} be the vertices of C(n,n — 3).
Define a bijection f : V (G) — {po,p1,....pn-1} by
f(vi) = pi,i =0,1,2,....n— 1.
For the vertices labeled above, an induced function f+: E(G) — {2,4,6...,pn-1} is defined by
(vivied) =2(i +1),i=0,1,2,....n = 3; F(vavi) = n(n+ 1) —i(i + 1),i = 0,1,2....n — 2.

The edge labels are thus {2,4,8...,2(n — 2),pn-1,Pn-1 — 2,pn-1 — 6,...pn-1 — Pn—2} and hence shell graph
C(n,n — 3), for n > 3 admits pronic graceful labeling. [

Figure 6: Shell Butterfly Graph

2.5 Shell Butterfly Graph

J.J. Jesintha, K.E. Hilda[17] defined a Shell -butterfly graph as a double shell in which each shell has
any order with exactly two pendant edges at the apex and proved that all shell- butterfly graphs with shells of
order | and m(shell order excludes the apex) are graceful. Note that G has n = 2m + 3 vertices and g = 4m edges.
Here in the following theorem, we consider the shell butterfly graph of same order.

Theorem 2.18. A shell butterfly graph G is a pronic graceful graph.

Proof : Let G be a shell-butterfly graph with n vertices and g edges and have the shell orders as m(odd or even)
and | where | = 2t + 1. Note that shell orders exclude the apex. Let the shell that is present to the left of the apex
be called as the left wing of the G. Let the shell that is present to the right of the apex is called the right wing of
G.

Denote the apex of G be voms2 and the vertices of right wing of the graph from top to bottom as

Vo,V1,...,Vm-1. Similarly the left wing vertices by {Vm,Vm1,...,Vom-13. Let {vom,Vom+1} be the two pendant vertices of
G.



Define a bijection f: V (G) — {po,p1,...,pn-1} by
f(Vi) = Piy i=01,2,..,2n+2.

For the vertices labeled above, an induced function f+: E(G) — {2,4,6...,pn-1} is defined by
fr(vivisr) =2(i + 1),i =0,1,2,...m— 1 mm+1,..,2m — 2;
f (Vame2vi) = 2m + 2)2m+3) —i(i +1),i =0,1,2.. m—1mm+1..2m+ 2.

The edge labels are thus {2,4,8...,2(m-1),2(m+1),2(m+2),...,2(2m-1)}. The labels of the edges vam+2viare
of the form (2m+2)(2m+3)—i(i+1),i = 0,1,2...,m—1,m,m+1,...,2m-1 and begins with p.m:2 and the difference of each
label is of the form 2i,i=1,2,..m—1,m+1,m+2,...2m + 1. and hence shell butterfly graph admits pronic graceful
labeling. O

25.1 PGL on corona product and joint sum of graphs

Definition 2.19. Corona Product of C,and mK;

Figure 7: Corona graph Cs° 2K;

V (Cne mKy) ={xi,yi: 1 <i<n,1 <j<m}and the edge set
E(Che mKy) = {XiXivr: 1 <i<n—13U{x,yi: 1 <i<n1<j<m}uU {X,x}

Theorem 2.20. Corona product C, > mKj is a pronic graceful graph.

. ) G
Proof : Let {uo,us,Uy,...,un1} be the vertices of the cycle C, and { “(()J m-%”
corresponding pendant vertices attached to the uo,us,Us,...,Un-1.
Define a bijection f : V (G) — {0,2,6...(nm + n)(nm + n — 1)} by

i)

(
*“‘”‘ﬁ*hj = 1’2,,__,m} be the

f(U|) = pili = 0111"-|n - 11
f(Uh) = pjiri = 0,4,2,..,n — 1,j = 1,2,....m.

And the induced edge labeling f: E(G) — N is defined by
f(uitiz1) = 2(i + 1),i =0,1,2...,n — 2; f(UoUn-1) = n(n — 1);
f+(uiu®) = n[2ij + j(nj + 1],i=0,1,2..n—1j=1.2,..m.
Let A1, Ay, Asdenote the set of edge labels of {uiui+1,i = 0,1,...n—2}, {un-1Uo} and {uiu®,i =0,1,2....n — 1,j

=1,2,...,m} respectively.
Clearly the labels of the edges for the above sets are of the form as follows:

A1 contains the edges of the form 2k, k = 1,2,...(n — 1) and each label differs by 2 and hence they are distinct.
A contains the edge of the form n(n — 1) and is differed from the above labeling by pn-1.



Consider the labels of A3

For j = 1, the set contains edges of the form {pn,pn+ 10i,...,n(2i + (n + 1)} For j = 2, the
set contains edges of the form {pzn,p2n + 20i,...,n(4i + 2(2n + 1)}

For j = m, the set contains edges of the form {pmn,Pmn + 10mi,...,n[2im + j(mn + 1)1}

It is observed that the labels in the above sets are distinct, that is A1 N A, N As= ¢/ and hence C, > mKj is a pronic
graceful graph. O

2.6 Barycentric Subdivision of a graph

Definition 2.21. Creating a barycentric subdivision is a recursive process. In this section we consider the concept
of barycentric subdivision of cycles introduced by Vaidya et al. An edge e = uv of a graph G is said to be subdivided
when it is deleted and replaced by path of length 2 . Let C, = us...u, be a cycle on n vertices. Subdivide each edge
uiui+1 of Cpand let the new vertex be u;,1 <i<n. Join u;with ui+1,1 <i<n . All suffixes are taken modulo n. The
resulting graph is denoted as (Cn)?. This graph is called the barycentric subdivision of C,and it is denoted by
Cn(Cy) as it look like Cqinscribed in C,. The barycentric subdivision subdivides each edge of the graph.

Figure 8: C5(Cs)

Theorem 2.22. Barycentric subdivision of cycle Cy(Cy) is a pronic graceful graph.

Proof : Let {vo,v1,...,vn-13 be the vertices of n— cycle and {wo, w1, W>...,wn-13 Such that w; connected to viand vi.1 for
0 <i<n-—2and wy-1is connected to v,-1 and vi.

Define a bijection f : V (G) — {po,p1,p2;.-.,.P2n-1} by
f(vi) = pii =0,1,2,...,n = 1; f(wi) = pnsiri =0,1,2,...,n — 1.
Clearly f is a bijection. For the above vertices labeled above, the edge labeling f+: E(G) — N is defined by
f(vivisr) =2(1 + 1),i=0,1,2....n — 2; fx(Wivisg) =pn—2 +i(2n - 2),i =0,1,2,....n — 2;
f*(Vown-1) = 2n(2n — 1);

Fo(Vovit) = (N — 1): *(viws) = po+ 20 =
0.1,2,..0— 1,

Let A1, Az, Asand A4 denote the set of edge labels of {vivi+1,i =0,1,...n—2},{viwi,i = 0,1,2,...,n—1},
{viwi-1,i = 0,1,2,...,n — 1} and {voVn-1,Vown-1 respectively. Then;



A1={246,..2(n- 1)} Ax={n(n + 1),n(n + 3),n(n +5)...,n(3n — 1)};
As={(n—1)(n+ 3),(n—1)(n +5),(n—1)(n +5),....,(h—1)(Bn—2)}; As={2n(2n —1),2n}.

Hence A1 N A2= ¢ which results that the barycentric subdivision of cycle C,(Cy,) admits pronic graceful labeling.
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