ON APPROXIMATION OF FUNCTION f € H,, CLASS BY (C, 2)(E, 1)
MEANS OF CONJUGATE SERIES OF FOURIER SERIES.
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ABSTRACT-A theorem on degree of approximation of function belonging to Hoélder metric by (C, 2) (E, q)
mean, has been discussed by Rathore, Shrivastava and Mishra [17]. Since (E, 1) includes (E, q) method, so for
obtaining more generalized result to replace (E, q) by (E, 1) mean. The Euler mean (E, 1) contains the
summability method of generalized Borel, Euler, Taylor etc. In this chapter we obtain on approximation of
function f € H,, class by (C, 2)(E, 1) means of conjugate series of Fourier series, has been proved.
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INTRODUCTION

In this direction, on approximation of f belong to many classes also Holder metric by Cesaro mean,
Norlund mean, Euler mean has been discussed by several investigator like respectively Alexits [2], Khan [6],
Chandra [3], Mohapatra and Chandra [11], Das, Ghosh and Ray[4], etc. Further in this field several researchers
like Lal and Kushwaha [8], Lal and Singh [9], Rathore and Shrivastava [14], Nigam [12], Albayrak, Koklu and
Bayramov [1], Rathore, Shrivastava and Mishra ([15], [16]), Kushwaha [7], Singh and Mahajan [18], Mishra
and Khatri [10] etc. Recently Rathore, Shrivastava and Mishra [17] have been determined. We extend the result
on approximation of function f € H,, class by (C, 2)(E, 1) mean of conjugate series of Fourier series, has been
proved.

DEFINITION AND NOTATIONS

Let f'(x) be periodic and integrable in the sense of Lebesgue on [-7, t]. Then f(x) is defined by
fx) = % + Yh=1(aycosnx + bysinnx) = Y7o Ay (x) (2.1)
The conjugate series of (2.1) is

Yo_i(bycosnx — aysinnx) = Y2_, B, (x) (2.2)
with n partial sum S, (7> x)

Let w(t) and w*(t) denote two given moduli of continuity such that
w(£))a =0 (w* () as t— 0% for 0< p< a < 1

If C,, denote the Banach spaces of all 2 m —periodic continuous function under “sup’> norm for
0<a< 1 and some positive constant K, the function Hy, is defined by

Hy = {fe Con: [fCO-f(y)] = K W [x-y[}. (2.3)

with the norm |l Il,,~ defined by

Ifll,,~ = Ifl. + Sup AV [fx, )1, (2.4)
xy
where
Iflc = Sup [f(x)- (2.5
—N<X=<T
and



A fxi= Bl (x# ). (2:6)

The convention that A° f(x, y) =0.If there exit positive constant B and K such that w [x-y| < B |[x — y|*
and w*x-y| < K |[x — y|# then
Ho = {fe Cor: [f(x)-f(y)| < K|x-y|% 0<a< 1}. ( see Prossdorf’s[13]) 2.7

The metric induced (2.5) by the norm I.l, on the H, is called the Holder metric. If can be seen that
Iflg< 2m)*P Ifl, for 0<B<a<1.Thus {(H,, I.l,)} is a family of Banach spaces which decreases as o
increase.

The series Yoo U, is said to be (C, 2) summable to S. If the (C, 2) transform of S, is defined as (see Hardy [5])

CDeg 0 2
tn (220 (n+1)(n+2)

The t,(lf'dl) (f: x) denotes the transform of (E,1) is defined as

nom—k+1)5, >S5 asn—w (2.8)

tFD(f:x) = = 2P0 S > S, as no
and

C2)(EA 2 S
P EV (0 = ey Theo( =k + D EEo(5) S, = S as oo (9)

The conjugate function f(x) is defined by

1163) :-if: 710) cot%dt
= lim (— I 10) cot%dt) (2.10)

The degree of approximation En(f) be

En(f) = min ||T, = fll . (2.11)
T(x) denotes a trigonometric polynomial of degree n by (see Zygmund [20]).
Using the following notation

D)= fixtt) + flx-1) -2f(x) (2.12)

PO)=D(t)-D,(1). (2.13)

and

Known Theorem.

Theorem (see [18]). Let w (t) defined in (2.3) be such that

ST du =0 (H(), H(D) 2 0, G.1)
Jy Hwdu =0 (tH(b), as t— 0* (3.2)

then, for0<B< a <1 andfe H, we have

-k,
16" (- 1 e = (((n+1)-1ﬂ(ﬁ))1 ) (33)

MAIN THEOREM

On approximation of function f € H,, class by (C, 2)(E, 1) mean of conjugate of Fourier series, has been
established.
Theorem: If f € H,, and 0<f<a<I then

HEETED(f ) = fG = O log(n + 1) [ 7 1 ()] ) @

w*(|x=y|) n+1



where t,(lc'm'l) is the (C, 2)(E, 1) mean of S, (f; x).

Lemmas: Using the following lemmas

Lemma 1 Let M(t) | =

| 3o [(n k+1) {Zv o(9) cos(v+3)t }] |

11:(n+2)(n+1) sint/,
.t 1
Apply\sm;|2; and|cos(v+5)t| <1, for0 <t <(n+1)
L fmen e Lot
- rc(n+2)(n+1) - 2k v=0 |51nt/2
_ (n—k+1) k
- t(n+2)(n+1) [ {Zo- 0( )}]
L LYk (kY — ok
e o=kt D) (- 5k _o(¥) = 29)
(n+1) 1 n
t(n+2)(n+1)-t(n+2)(n+1) k=0
1 n(n+1)

t(n+2) 2t(n+2)(n+1)
1 n

t(n+2) 2t(n+2)

—0(}) (5.1)

Lemma?2 Let |Mn(t)| m | Y [(n k+1){ (k) coss(17+ ) }] |

lIl

Using|sin£| 2% and |sint] <1 for <tsm

1)

e | B[ O eos(o+) ]|

t(n+2)(n+1)
DD k:O(n_k+1) (see [9])
(n+1) n(n+1)
tZm+1)(n+2)  2t2(n+1)(n+2)
1
T tZ(n+2) (-2)
Lemma 3 (see [18]) If w (t) satisfies condition (3.1) and (3.2), we get
Jo t7'w(D)dt =0 (uH(),  asu- 0%, (5.3)
Lemma 4 Let @ , (7) defines (2.13) for f € H,,
| @)@, |<2Mw| x-y| (5.4)
also |®oc@)-®,@) |<2Mw| t] (5.5)
It is easy to verify.
PROOF OF THE MAIN THEOREM
Using (see [19]) and Riemann — Lebesgue theorem, then
T ¢>x(t)
S, (f;0)—-f(x)= f cos(n+ Dede 6.1)
If t,(lE’l) denotes (E, 1) transform of S, (f; x) then
ED /g = _ 1 T Px(t) 1
V50 = FO) = g fg s S7-o(") cos (k + 5) tdt, (6.2)

If t,(lc'z)(E’l) denotes (C,2)(E, 1) transform of S,, (f; x),



Now

—k+1 t 1
tC 2 D0 - fx) = n(n+1—)(n+2) k=0 [(n 2k+ )fn ::;g/) { k_o(%) cos (U + 5) t}]

Writing 7 , (x) = t,(lc'é)‘(E’l) (f;x) - f(x) then

11,69 |= | tCPED(f;50) - F) |

(n k+1) T Px(t) K
- | n(n+2)(n+1) si;t/z{ ( )COS U + ] | dt

[ 7.60-1.00) | =| ﬂ(n”)(nﬂ) k= [(n s fﬂ ¢xitl)n$y(t) {Z§=0(’;) cos (v + %) t}] | de

S e

- n(n+2)(n+1) smt/

_ JJe= k+1) LALO] K 1

B n(n+2)(n+1) Slnt/ { §=0(v) cos (U + E) t}] dt
:fon lo®) | | M, (0) | dt using Lemma 1

_[ ™/ T
| g ] le@ ] M@ [
=L +1

Now using (5.5) and Lemma3

L=/ (6 1My, (B)] dt
=0 (1) f: /D) -1 4 )y

-0 ((n +1)7TH (ﬁ))

Now
|L| = f,f/ ) | d(D)||M,, (t)|dt using (5.5) and Lemma 2
n+

=0(1) f,f/(n+1) t=2 w(t) dt

-0 <(n + 1)1 H (ﬁ))

Now using (5.4), Lemma 1, we get
n
L=0(=)/, I =1y (e — y ]
~0 w(lx—yI) .V ar
=0 (log (n+D) w(|x — y]))
Now using (5.4) and Lemma?2

—o(L)\ (" -2 _
L=0 (n+2) fn/(nﬂ)t w(lx — y|) dt

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)



=0 (w(lx = y). (6.10)

We have
Ty =PI Pe.  when k=1,2 (6.11)
By using (6.7) and (6.9) respectively in the first and the second factor on the right of the above identify (6.11)
for k = 1 then
—1 T 1-B/a B/a
1 |=0 ([(n + D H(Z)] T log(n + 1) w(lx — yD] ) (6.12)

Again using (6.8) and (6.10) in the first and second factor on the right of the identify (6.11) for k = 2 then

=0 ([or 07w ()] 7wt = yiee) (6.13)

Thus from (2.6), (6.12) and (6.13) we get

| In () =In()I

sup | &% 1 (x5, y) | = supqey) T

XFY XEY

o g+ iy 7 () 6

Using the fact that fe H,,=> ¢,.(t)= O (w (t)) , then

ITalle= Sup || t&PEV (%) - FGo|

—TSXSTT

=0 {(n+ )7 H (). (6.15)
Combining the result of (6.14) and (6.15), then

w(jx—y B/«
w*(lx=y1)

T

(log(n + 1))#/= [(n +1)'H (_)]1_6/“} (6.16)

CDED ¢, _ F .=
1PV = Flle = Of

Completes the proof of main theorem

7. Corollaries:
The corollaries can be derived from main theorem.

Corollary7. 1: “If =0 and f € Lip(a, p), 0< a < 1 then

1
(n+1)*

[ tr(Lc'z)(E'l) f;%) — f)|l. = O{ } for0< a < 1.

= O(]Og(ﬂ) , for a =1

(n+1)
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Conclusion
The summability method (E, 1) includes method of summability like Borel, (E, q), (¢, ¢), F(a, q) and [F, d,] then
by using the result of main theorem we can derive more generalizing result and also the result of Mishra and
Khatri [10] can be derived directly.
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