On Convergence of 2 — dimensional g — analogues of Jafari’s Integral

Transformation
1S. D. Manjarekar, 2S. S. Manjarekar, V. R. Nikam,
12.3Department of Mathematics
LVH ASC College, Nashik, Maharashtra (India)
Ishrimathematics@gmail.com, 2snehalmanjarekar23@gmail.com, 3vasantnikam.1151@gmail.com

Abstract:

In this paper, we have extended the newly defined q — analogues of the Jafari’s
integral transformation towards its 2 — dimensional integral transformation. The q — analogues of
the Jafari’s integral transformation has simple relationship with other two dimensional q —
integral transformations. As an application we have found the conditions under which 2 —
dimensional g — analogues of Jafari’s integral transformation were convergent.
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1. Introduction

The theory of quantum calculus i.e. g — calculus [6] which also be defined as calculus
without limits now becoming the important topic in the field of Mathematics and Physics mainly
dealing with the field of Number theory especially in Cryptography, Combinatory, Mechanics ,
Theory of Relativity and other sciences quantum theory.

In this paper, we have extend the definition of 1 — dimensional q — analogues Jafari’s
integral transformation towards 2 — dimensional q — analogues and find out its relationship with
other 2 - dimensional Laplace type q — analogues integral transformations [11,12]. The paper
were arranged as follows.

The paper mainly divided into three parts, in the first part the generalized definition of
one dimensional g — analogues of Jafari’s Integral Transformation and some other basic integral
transformation definition given, in the second part the generalized definition of 2 — dimensional
q — analogues of Jafari’s Integral Transformation and its relationship with some basic integral
transformation were explained. In the last part we have proved the conditions for convergence
and uniform convergence of 2 — dimensional q — analogues of Jafari’s Integral Transformation.

In the following, we present some basic definitions needed in proving the main
results.



2. Basic Definitions
Definition 2.1: Jafari’s Integral Transformation

If a function f(t) which is to be integrable and defined for t > 0 and p(s) # 0 and q(s) are
positive real valued function then its Jafari’s integral transformation [5] is given by

JUF@)s}=F(s) =p(s) [ f(De tde (2.1)
Provided that the integral exist for q(s)
Definition 2.2: g — analogues of Exponential function

The g — analogues of exponential function e is denoted by é,(t) and e, (t) and is given by
[6]
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Definition 2.3: g — Derivative

The g — derivative of a function f(t) is denoted by D, f (¢) and is given by [6],
Dyf(t) = 2L - 1491 ® 2.3)

dqt (g-1)t
Definition 2.4: Laplace type Integral Transformation

If function f(t) is continuous piecewise and is of exponential order then its Laplace — type
integral transformation [14, 15] is given by:

LAf(©);s}= [, &' (e O Of(t)dt (2.4)

In the above definition, ®(s) is a function which is invertible such that
e(t) = [e~*®dt is exponential function and a(t) is a function which also invertible.



3. Two — dimensional q — analogues of Jafari’s Integral Transformation

In this section, we introduce the extension of g — analogues of Jafari’s integral
transformation [13] towards 2 — dimensional q — analogues of Jafari’s integral transformation of
along with some properties;

Definition:

We consider the definition of 2 — dimensional q — analogues of Jafari’s integral
transformation using the definition [13] as;

JTlf e, D1, v) = Pw,v) [ [ eg[—e(u,v,x, D] f(x, )dgxdgt -~ [A]
Where, e(u,v,x,t) = Q(u)x + Q(v)t are invertible functions with the property that

f(x,t) €S = {f(x t):3 ki, ky, >0,1f(x, t)|<MeJ|x € (—=1)) x [0,0),a.e.’t’ M>0}and

P(u,v) = P(w)P(v)
3.1) Relationship with some q — analogues of some integral transformations
3.1.1] 2 — dimensional g — analogues of Laplace transformation

The two dimensional q — analogues of Laplace transformation [13] of a function
f(x,t) can be obtained by taking Q(u) = u and Q(v) = v, P(u,v) = 1 in equation [A] gives;

LL,[f(x, )] (uv) = J j eq[—(ux + vt)] f(x, t)dgxd,t
0 0
3.1.2] 2 — dimensional q — analogues of Elzaki transformation

The two dimensional g — analogues of Elzaki transformation [13] of a function f(x,t)
can be obtained by taking Q (u) = % and Q(v) = % ,P(u,v) = uv in equation [A] gives;

TT,[f (x,)](w,v) = qufeq [—(§+%)]f(x, t)d,xd,t
00



3.1.3] 2 — dimensional g — analogues of Sumudu transformation

The two dimensional q — analogues of Sumudu transformation [13] of a function f(x, t)
can be obtained by taking Q (u) = % and Q(v) = % ,P(u,v) = u—lv in equation [A] gives;

_ 1 ([
SuSu,[f(x, )](w,v) = Ef f eq [—(g + %)]f(x, t)dgxdgt

3.1.4] 2 — dimensional g — analogues of Aboodh transformation

The two dimensional g — analogues of Aboodh transformation of a function f(x,t) can
be obtained by taking Q(u) = uand Q(v) =v,P(u,v) = u—lv in equation [A] gives;

. 1 oo 00
AAL[f (x, O)](u,v) = Ef f eq[—(ux + vt)] f(x, t)dgxd,t
0 0
3.1.5] 2 — dimensional q — analogues of Pourreza transformation

The two dimensional q — analogues of Pourreza transformation of a function f(x, t) can
be obtained by taking Q(u) = u? and Q(v) = v?,P(u,v) = uv in equation [A] gives;

PP, [f (x,)](w,v) = uvj j eql—(xu? + tv?)] f(x, t)dgxd,t
0 0
3.1.6] 2 — dimensional g — analogues of Mohand transformation

The two dimensional q — analogues of Mohand transformation of a function f(x,t) can
be obtained by taking Q(u) = u and Q(v) = v, P(u,v) = u?v? in equation [A] gives;

MM [f (x,)](w,v) = uzvzj j eql—(xu + tv)] f(x, t)d xd,t
00



3.1.7] 2 — dimensional g — analogues of Sawi transformation

The two dimensional q — analogues of Sawi transformation of a function f(x, t) can be
obtained by taking Q(u) = % and Q(v) =$ ,P(u,v) = ——in equation [A] gives;

uzp?

. 1 cr x t

S341 0 01w v) = = [ [ eq|-Cor D] pex0rdgxde
0 0

In the similar manner, by substitution of various values of Q(u), Q(v) and P(u,v) one

can obtain the relationship with g — analogues of Natural Transformation, and g — analogues of

G_Transformation of order a.

4. Convergence of Two — dimensional g — analogues of Jafari’s Integral Transformation

Theorem 4.1:

If f(x,t) is continuous on [0,) x[0,0) and integral converges at
Q(ug) and Q(vg). Then the two — dimensional q — analogues of Jafari’s Integral transform of f(x,t)
converges on for Q(u) > Q(uy) and Q(v) > Q(v,) where e(u,v,x,t) =0 in the positive
quadrant.

To prove the proof we will use the following lemmas.

Lemma: If JJ,[f(x, )]; (uo) = [ P(uo, v) f(x, )eg[—Quo)e(x, )]dgx is bounded on [0, co)
then the two — dimensional q — analogues of Jafari’s Integral transform w.r.t u converges for Q(u) >
Q(u,) and &(x,t) =x =0 in the positive quadrant such that e(x,t) = x bounded in first
variable.

Proof: Consider the set
S1 = {Go0): g, ©) = P(uy,v) fy (%, £)eq[—Qug)e(x, )]dgx < o} for 0 <t < 0. Then by
property of S; we have,

g(x,0) =0and tlim g(x,t) will exist and bounded this is because integral is bounded on [0, )

Then by fundamental theorem of calculus, we get
9:(x,t) = P(uo, v)f (x, )eq[-Q(uo)e(x, t)]

Where P(u,,v) # 0

Now, we Choose §; and R, with 0 < §; < R4, Then the integral
I'= [ Plug,v) f(x, Deq[-Qe(x, £)]dqx

= f;;l 9e(x,t) eq[-[Q(W) — Quo)le(x, )]dgx  with P(u,,v) # 0



Applying integration by parts then the integral turns out to be

1= [[eq[~[Qw) — Quo)]eCx, D]g (. D]

Ry

+ [ 10w - Qe[ =[0@) — QuoleCx Dlgc(x, ]

61

Now let, 5, = 0

=1= [eq[—[Q(u) — Q(up)le(x, R1)1g(x, Ry)
Ry

4 j [Q() — QQuo)]eg[—[Q(W) — Qu)le(x, R)] g(x, ) dyx ]

0

Now let R; — oo then e [—[Q(w) — Q(u,)]e(x,R1)] — 0 as Q(u) > Q(u,) and
&(x,t) = 0 in the positive quadrant and bounded in first variable.
Which exist as the integral is bounded Q (u) > Q(u,).

In the similar manner we can prove that if the integral
L = fOOOP(u, vo)f (x,t)eqs[—Q(w)e(x, t)]d,t  Converges at Q(v,) then the integral converges
for Q(v) > Q(vy),e(x,t) =t > 0and 0 < x < oo. Hence the theorem hold.

Theorem 4.2:

If f(x,t) is continuous and bounded on [0, ) X [0,0) and integral converges at
Q(u,) and Q (v,). Then the 2 — dimensional q — analogues of Jafari’s Integral transform of f(x,t)
converges uniformly on [u, ) X [v, o) if Q(u) > Q(u,) and Q(v) > Q(v,) where e(x,t) = 0 in
the positive quadrant.

To prove the proof we will use the following lemmas.

Lemma: If ]7q [f(x, O)]; (up) = fOtP(uo,v)f(x, t)eq[—Quy)e(x, t)]d,x is bounded on [0, )
then the 2 — dimensional q — analogues of Jafari’s Integral transform converges uniformly on [u, ). If
Q(w) > Q(u,) and &(x, t) = 0 in the positive quadrant and bounded in first variable.

S1 = {0 1): g0, ) = P(uo,v) [y £ (%, D)eq[—Qup)e(x, )]dgx < 0o} for 0 <t < oo. Then by
property of S; we have,

g(x,0) =0and tlim g(x,t) will exist and bounded this is because integral is bounded on [0, )



So by fundamental theorem of calculus, we get
9:(x,t) = P(uy, v)f(x, t)eg[—Qu)e(x, t)] , where P(u,,v) # 0 ----- |

Now, we choose §; and § such that 0 < § < §;, then the integral
61
I= [J"P(uo,v) f(x,)eq[-Qwe(x, t)]dgx

= 2% e[~ [Q@) — Qu)leCx, D)9 (x,t) dyx with Py, v) % 0
Applying integration by parts then the integral turns out to be

I'= [[eq[—[Q(U) — Qu,)]e(x, )] g (x, t)];i

Ry

+ f [Q(W) — Quo)leq[-[QwW) — Qup)]elx, )] g (x, t)dgx

61

=[eq[—[Q(w) - Q(uogle(Rp )]g(Ry,t) — eq[—[Q W) — Qu,)]e(61,1)]g(61, 1)
+ f [Q(W) — Quo)leq[-[Q(w) — Qluplelx, )]g(x, t)dgx ]

1

By property of bounded ness 3 M > 0 such that

lg(x, ©)] < M it gives us;

Conclusion:

The paper gives the conditions about convergence and uniform
convergence of the 2 — D q — analogues of Jafari’s Integral Transformation along with its

relationship with some other g — Integral transformation.
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