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ABSTRACT. In this paper, we present a comprehensive study on the numerical
analysis of the fractional Laplace transform and Extorial transform, leveraging
the difference operator with shift values.  Fractional calculus has gained
significant attention due to its extensive applications in various fields, including
physics, engineering, and finance. The fractional Laplace transform, a
generalization of the classical Laplace transform, is instrumental in solving
fractional differential equations. The Extorial transform, a lesser-known but
equally powerful tool, provides an alternative method for analyzing complex
systems. By incorporating difference operators with shift values, we propose
novel numerical methods to approximate these transforms, enhancing the
accuracy and efficiency of solutions. We demonstrate the effectiveness of our
approach through several illustrative examples and compare the results with
existing numerical methods. This study offers new insights and techniques that
could be beneficial for researchers and practitioners working with fractional
differential equations and transform methods.

Keywords: «(h)-difference operator, fractional difference, extorial function,
gamma function and polynomial factorial.
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1. INTRODUCTION

Fractional calculus, which extends the concepts of integrals and derivatives to
non-integer orders, has emerged as a potent tool in mathematical modeling. Its
ability to describe memory and hereditary properties of various materials and
processes makes it invaluable in diverse domains such as viscoelasticity, anomalous
diffusion, and control theory. Central to fractional calculus is the need for effective
numerical methods to solve fractional differential equations, which are often
challenging due to their non-local nature.

The fractional Laplace transform is a pivotal instrument in this context,
extending the classical Laplace transform to fractional orders and providing a
robust framework for analyzing linear time-invariant systems. However, the
analytical solutions of fractional differential equations are not always feasible,
necessitating the development of numerical methods. The Extorial transform,
although not as widely known, offers complementary capabilities for transforming
and solving differential equations.

The study of integrals and derivatives of arbitrary order is done through
fractional calculus theory, a mathematical analysis tool that unifies and generalizes
the notations of n fold integration and integer-order differentiation (El-Ajou,
Arqub, Al-Zhour, & Momani (2013), Millar & Ross (1993), Oldham & Spanier
(1974), Podlubny (1999)). In 1695, Leibniz is credited with developing the concept
of fractional calculus; however, L’Hopital’s letter asked them, ”What does %fnx)
mean if m = %?” (Diethelm, 2010, Hilfer, 2000, Lazarevic, et al., 2014, Millar &
Ross, 1993, Kumar & Saxena, 2016).

Since then, numerous studies on this and similar topics have been brought up
by well-known mathematicians from the mid-1900s, including Laplace, Fourier,
Abel, Liouville, Riemann, Grunwald, Letnkov, Levy, Marchaud, Erdelyi, and
Reiszand. Fractional calculus is a new field of mathematical analysis that emerged
from these discussions and inquiries (Oldham & Spanier, 1974).  Although
fractional calculus is almost as old as regular calculus, its ideas and applications
have just recently begun to flourish. The researchers recommend that readers
study the works [I], 4], [1T], 12}, 4], 2], 22] 23] to track the recent advancements of
this theory.
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Without a doubt, one of the most useful and often utilized instruments in
signal processing and analysis is the Laplace transform (LT). A significant
breakthrough in the solution of fractional order equations for chaos and stability
was made possible in 2009 by the Laplace transform approach, as demonstrated by
[15, [16]. The significance of this breakthrough may be found in
[9, 10, [17, 18, 19, 24].

This essay is structured as follows: The literature review was presented in the
first section of the report. Section 2 delves into the preliminary discussions, which
include relevant definitions, characteristics, and theorems pertaining to the
fractional alpha difference operator. Results and a discussion of the fractional
a(h)-difference operator and its features are covered in section 3. Sections 4 and 5
showed the findings using MATLAB coding and graphics, along with the core
concepts of fractional alpha Laplace and extorial transform that emerged from
study. Additionally, the Laplace transform for the fractional difference equation

was obtained. The results will be presented in Section 6.

2. PRELIMINARIES

In this section, we present some basic definitions, notations and results.

Definition 2.1. For u(t) be the real , the forward b-difference operator 405 on u() is
defined by the relation
u(t+bh) — ou(t)
Da(b)u(t) = h ) (]‘)
while the a(h)-difference infinite sum for inverse a(h)-difference operator is defined
by

ol u(t)]e = 04 u(o0) — o u(a) = —h Yo~ Hu(a+h). (2)

=0

When 0 u(t) at oo is 0, it is obvious we get d_p u(t) = 3 a” Iyt + o).
t=0

a(h a(h)
. 1 17 1 1 11 /1 o
Ezrample 2.2. Since %(h); = E [W — a;] = E; (E — a), it is clear that
L1 h2" I . 1 . :
Da(h); = i—a) and Da(h);o = 0. Taking u(t) = p and a = o in ({2)) gives
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Which is verified by MATLAB for the particular values a = 0.5 and h = 3 and the

coding as follows

symsum(3. % (0.5). A (—(vt+1))./2. A(v. % 3),v,0,inf) = 3. % 2. A (3)./((0.5. * 2. A3 — 1)).

Definition 2.3. [5] For b > o and v € R, the rising h-polynomial factorial function
is defined by

_%

b(y +v)
(5)
o _

where th — 1, 0 is the Euler gamma function and * s TV h’ ¢ {o,—1,—2,—3,...}.

o | ol

i = p

Similarly, the falling A-polynomial factorial functlon is defined by

b(; +1)

() v
t’ = —
f b b(%—i-l—lj)

(©) _

where ¢ =1 and T 1 —v,¢ {o,—1,—2,—3,...}, since the division at a pole

; f)‘i‘l
yields zero.

Lemma 2.1. Let t € (0,00) and s, > o, then we have

() B b 1 v
a - esl/l/t (Oé - esl/l/b) . (6>

Proof. The proof is similar to the Example for the function u(t) = . O

e51/yt

i
2Oa(n) gor/t

Remark 2.4. [§] The Euler can be expressed as an infinite product Gamma function

) ) loo(l+l)3
s given by 0(3) = o 0—1,—2,—3,...f.
is given by 0(3) 5—1(1+%)5¢{ 3,

Lemma 2.2. The polynomial factorials satisfy the following identities;

i) ot = v+ ) and (i) ot = vtV (7)

Proof. The identities (iv) and (v) are obtained by applying 9j on and

respectively.



Theorem 2.3. Let u(t) and v(t) be two real valued functions. Then
00 (D0 (1)] = u()0 G 0(8) — 0,4 [0, 0(t + H)opu(t)]. (8)
Proof. From the Definition 2.1, we have
Va(e) (O (4)] = u(t)am)0(t) + w(t+ h)oyu(t). (9)

Taking 0, t0(t) = v(t) and w(t) = 0_7 v(t) in equation @, we obtain @} O

a(h)

Lemma 2.4. Let t € (0,00) and s,v > 0, then we have

/v (t—1)cV N GG
af(lb) () g—s/ ) Z pt ) bty _ . (10
« ‘C — l (O[ — ¢ 5 h)t

Proof. Taking u(t) = tr(]“) and v(t) = et , we obtain

st —s/Y (1)
—1 () =5y (V) e -1 ¢ (u—1)
Oa(h) (th ¢ ) o th . e,ﬁl/ub) - Da(h) (( — e El/ub {ILL[Jt }) .

(c
Using @), and applying @) for tg“_l)e_sl/"",tg“_l)e_51/"t, . ,tgl)e_sl/yt, we get
(10). O
3. FRACTIONAL «(h)-DIFFERENCE OPERATOR AND ITS PROPERTIES

Definition 3.1. Let v >o0 and u(t) € h”(c0). The negative alpha fractional
h-difference operator, denoted as O;("h),is defined by

Sy ) (1)

Definition 3.2. For a fraction o < v < 1, the Caputo «a(h)-difference operator a0 (o)
on u(t) is defined by

a(h)

2%y 1) = D) (D) " u(t)). (12)
Following theorem gives a closed form function for fractional difference of %

Theorem 3.3. Let v > o be a fraction, t € [0,00) and ¢ # 0. Then, we have

A ——hZ e ) )

0(t 4 1) coteh

1

bt 4

o%a(h) ot

a
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Proof. The binomial expansion for rational index gives Qo) T = v’ (a — —) :

ct ct ch
Now follows by taking 40, on both sides and equating with (LI]). O

In the following illustrative example, the identity is verified by MATLAB.

Example 3.4. Taking c =3, h=2,a=4,a=3and v = 0.3 in gives
10 203 ( 1)_03
. _ 3 _

4 3t 3*

The values of the above relations are verified by MATLAB with the coding as

given below:

oo o3+ t) 1
— 503 (t40.3) ]
ZS b(l‘—i— )34+Zt

2. A (0.3). * symsum(3. A (—(t + 0.3)). * gamma(0.3 + t)./(gamma(0.3). * gamma(r + 1).x
3.A (4 +t.x2)),v,0,inf) = 2. A (0.3)./((3- A 4). % (3 — (1./3. A 2)). A (0.3)).

Corollary 3.5. For v > o, t € [0,00),5 > 0 and h > o0, we have

A O 1\ (e+0) u+) 1
a O‘(h) sl/yt - eﬁl/ut <a - eﬁl/uh) ’ - _b Z & t + l) eﬁl/l’a-‘rtb '
(14)
1
Proof. The proof follows by replacing — by —75; in Theorem . O
¢ e

4. FRACTIONAL ALPHA LAPLACE TRANSFORM BY «(h)-DIFFERENCE
OPERATOR

In this section, we develop a new type fractional Laplace transform with
examples. Our findings and the outcomes obtained by applying on h-factorial

functions are analyed and verified by MATLAB with diagrams.

Definition 4.1. Let u(t) be the real valued function. Then the Fractional Alpha
Laplace Transform(FALT) is defined as

bZa 0 e (1)

Lo )] =0 u(t)e™ /4™ ot 1)

a(h)

Theorem 4.2. For any fraction v > 0, h > o, u € (1), and ¢ € [0, 00), we have

e S e
Oé(h) ‘C—l CE— —51/Vh)t+1/ 1 stV (t(e—1)h) |

t(/HFl*t)
b
(16)




Proof. Since the order is fraction, we shall prove by showing
Oa(n)[B()] = day)[g(t)], where b(t) = Da(h)[tr()u)e_ﬁl/yt] and

1 uu(t—l) (V +r— 2) t—1) frt tgu-&-l—t)
t) = .
M= 2 G0 (o= ey @
From Lemma [2.4], we arrive
1 hl/,u(t—l) (v+r— 2)(t—1)bt—1 tgm—l—t)
Da(h)g(t) - ‘Z:l (t _ l)' (Oé - 9—51/”h)t+u—1 Da(h) eﬁl/"(t-f—(t—l)f))

pAt1 buflﬂ(tfl) (V +r— 3)(tfl)ht71 téu-'rl—t)

2w Dl (a— e w e @ e )
Again from Lemma [2.4] we obtain
—v _51/1/ _51/1,
0a D)) = a0, 5t e = w0 [ e
11 (-1 t—1)[r—1 (pt1—r)
L= )l (o oo @
The proof follows by comparing and . O
Corollary 4.3. Let p € DM(1), then we have
a [t(‘u) 751/11{] _ hl/u(ﬂ) (V _l_ ,u — l)(/")h/" 1 (19>
O‘(h) o M' (Oé _ e—sl/l’h)u—i-l/ esl/Vuh ’
Proof. The proof follows by applying the limits 0 to oo in (|16)). O
Corollary 4.4. The following identity hold for p € N(1),
v (,U/ — l/l’th
SV [t(ﬂ)] hllH_ w) (V—{_H’ - l)( 2 — b Z —(t—i—zz) )(tb) °
pl (a— e s /Uhyut esl/”uh o(v)o(r+ l)
(20)
Proof. Since, we have
v _ 1\Wpe
(0 _ v 0 —si/rg | _ 7 v+ p— 1)W1
Oc(f])[t ] Da(b) [th ¢ ] o ,u/' (O{ _ e_ﬁl/l/b)#_j'_y s1/vph” (21>
Now follows from ({15)). O

Example 4.5. By taking y = 3 in , we get fractional alpha Laplace transform of

tgf ) as

v 3)7 hV—H( ><V+ t+v) V+ ) (3) ,—s1/7y]
Sa(h)[tha ] B (CY — e_sl/yh)s-&-ll@ﬁl/”h o h ZO& i (t—|— l)( b)ha ¢ h‘ (22)
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Now for v = 0.4,5 =5, =0.2and h = 2 is verified by MATLAB.

The following diagrams shows that the FALT for the function(signal) u(t) = £
in time domain and the in the frequency(s) domain the nature of outcomes are

generated by varying the factors o and v simultaneously using MATLAB are shown

below.
%10
3 : 6 ‘ . ‘
- 1(23) —&—o=2,v=04
far o o0=3,v=06 |
2r C =R vl 7
Fys ——o~7 v=09 |
1 -
3,
?gj i 2
1
.1 L
i
.2,
Ak
) 20 00 5 100 70 300 2335 28 27 28 25 21 23 22 21 2
t s
FIGURE 1. Time(t) Domain FIGURE 2. Frequency(s) Domain

4.1. Laplace Transform of Fractional Difference Equations. Since the

Leibniz rule for the product of two functions like u(t) and v(t) for the 3 domain as
given by d”[u(t)o(t)] = > (V)o"u(t)o'v(t+ v —t). Now in this section, we
=0
present the product formula on fractional difference operator 04 on h3 domain
such as 07, [u(t)o(t)] = t;o *) 0 WDy ot + (v — 1)hy).
The following theorem gives the important role on solving fractional difference

equation by Laplace transform.

Theorem 4.1. Let u(t) be the real valued function and v, s,b,v > 0. Then we have

_ a—5MVhyw >
sawﬁmwm:43—%7—L%wwa+mn—§:

(a _ e*ﬁl/”f))uft

hu—t

(v = 0)).

(23)

=1



Proof. Taking u(t) = 04¢,)u(t) in Definition [15] we get
v _el/v o0
a(h)[a (Y u(t)] = Da( [0y, u(t)e = .

y (o — =)
&mﬂ%mwﬁﬂ=-——]———£Mmhﬁ+hﬂ—u®) (24)

Again taking u(t) = 9, u(t) and using (8).(15), applying (24)), gives

(a—e =) (a—e ")

. Now applying and solving we get

o) [Damu(t)] = Tﬂw(h)[u('LJF 2h)] — b u(h) — vagmyu(o)
(25)
Continuing this process for integer n, arrives
_ —s/Yhy\n n L —sY/Yh\n—
EaaplOu(t] = L e utesn) - 30 C S - o).
=1 (26>
Since the order is fraction, so we consider the equation for the fraction v as
mentioned in ([23)). O

5. FRACTIONAL ALPHA EXTORIAL TRANSFORM BY «(h)-DIFFERENCE
OPERATOR

The newly created extorial function obtained from exponential expression by
replacing polynomials into polynomial factorial is used to develop fractional alpha

extorial transform for factorial functions.

Definition 5.1. For h > o and v > 0, an h-extorial function is defined by

and the h-extorial function for negative index is defined by

(=) 11 11 11

eh =14 — + - (28)

RPN

Remark 5.2. (i) In particular, when v = 1, becomes

] t[l} tl[;} tl[)ﬂ
e =14 Tt (29)
1! 2! 3!

[1]
(ii) Since e' # ¢% , do not take t[l] = t in the LHS of ({29).
il tm

t1+tz)“] — ooty

(iii) For b > o, e
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We create fractional extorial transform method for real valued function u(t).

Definition 5.3. Fractional alpha extorial transform of u(t),t > o, is defined as

Ty Za ) V(ffnu(rh)e‘s””“’%”- (30)

Following theorems show the fractional extorial transform of factorial and

v —v —st/vdl
Sty (O] = 0 u(t)e &

logarithmic functions.

Theorem 5.4. For fraction v > 0, o, h > 0, and t € [0, 00), we have

l/ —(t+u l/ _'_ ) (M) —El/y(th)gj] 31
b Z « (t 4 l) (tb)h ¢ . ( )
Proof. The proof follows directly from by taking u(t) = t,()“ ), O

Theorem 5.5. For fraction v > 0, o, h > 0, and t € [0, 00), we have

_ e V+ vty st/ (e
Sy llog at] = —b” Za (t -y loga(th)e b (32)
Proof. Taking u(t) = logat in gives (32). O

Remark 5.6. When b — o0 and a=v =1, fractional alpha Laplace transform

becomes classical Laplace transform existing in the literature.

6. CONCLUSION

This paper defines the fundamental concept of the alpha difference operator and
highlights the qualities and outcomes that are obtained. With the aid of the alpha
fractional difference operator, the researcher has also established a new kind of alpha
extorial transform. The Laplace transform has been successfully transformed into
the fractional alpha Laplace transform (FALT). The equations and characteristics
of the fractional alpha Laplace transform, as well as the outcomes of its transform
for specific functions, have been effectively deduced by the researchers. As a result,
the FALT outcomes evaluation is a novel method based on an established one from
the literature. Consequently, the researchers deduce that when v = a = h = 1, the

FALT transforms into a standard Laplace transform.
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